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Abstract
The Laplace operator is applied to the Laguerre equation to obtain this Transform for the
corresponding associated polynomials.
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1. Introduction

The Laguerre polynomials L,,(x) [1] verify the differential equation [2-5]:

d? d d
x@Ln +(1- x)aLn +nL,=0, L,(0)=1, [aLn]xzo = —n, 1)

and the corresponding associated polynomials L% (x) satisfy [2, 6]:

2
L (@t 1- 0S4l =0, Ly =L, L§=1, (2)
« _T'nt+a+1) _ (+a)! _ M+ a d q — _ n+a
L57(0) = nT(a+l)  nlal ( n )’ g Lnlx=o0 = (n - 1)’

with the explicit expression:

X(x) = pyn o GDF ok
L) = (n+ a)! Xk=o K (=t (k) (3)

In [7] the formula (3) is employed for the direct calculation of the Laplace transform [8-10]:

(p+a)! n+a\(p -
LI+ 15 00] = s Theo(-DF (1 o) () ="k p=0, a>-1, s>0, &)
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which implies the particular cases [11, 12]:

Llx® 18(x)] = T2 (1~ Lyn, LlLy ()] == (1 =™, (5)

n!satl s

LIx? Ly@)] = 52 $io(-D* (1) (7) s — D™k,

The relation (4) can be deduced [13] using the Gregory [14]-Newton [15] infinite expansion for
equidistant interpolation [12], and it is useful to determine radial matrix elements for hydrogen-
like atoms [16].

2. Laplace transform via the Laguerre differential equation

We apply the Laplace operator to (1) to obtain the differential equation:

s =)L)+ A —s+nLL] =0,  LlL =7, (6)

whose solution is immediate:
_ (s="

Ll = S, ™

in according with (5).
This procedure can be employed in (2) with a # 0 to deduce the equation:

s(1—8) S L[LE] + [1+n + (@ — 1)s] L[L§] = a(n:a)' (8)
therefore:
n+a ny ="
LlLn] = ( n )s’:% k=0 (k) ns-l-a—k ’ @#0, ®©)

where is clear the fulfillment of L[L] = % , thus:
L] =1-(1=-D™,  L[Z]=(n+2)-s [1 —(1- g)"“], etc. (10)
On the other hand, we know the relation [2]:

15 =20 (T T L), (11)

which allows to obtain an alternative expression to (9):
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g =22 (P T ) a- ek, (12)

in harmony with (10). It is interesting to note that (12) is valid for negative values of «, for
example, a = —N = —1,-2, ..., then:

Lt =2 =ym i, (7 - a-br =2 a-yrn, (M= (-2

r S
hence:
1
LU @] = G- Hm, (13)
and for m = 0:
(=x =N
Ll @) = £S5 = G (14)
Let’s remember the formula [17]:
XV LY (x) = M LY (15)

then (13) permits to deduce the following Laplace transform:

LIVIN, ()] = L2 (g _ym (16)

m!s N+1 s

in according with (5). The relation [2]:

(xNLN ), (17)

m (N+m)' de

allows other proof of (16), in fact:

Ll = =2 AN LD L] - S, s [ GV L] (),

(N+m)!

(N+m)!
m!sN

therefore L[xVLN] = L[L,,] = eq.(16).

The direct method of integration and the interpolation technique are important to deduce the
Laplace transform of the Laguerre associated polynomials, but here we show that also is useful
to apply the Laplace operator to the Laguerre differential equation with the corresponding
boundary conditions.
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