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Abstract
We study non-geodesic biharmonic curves in the Heisenberg group Heis® to characterize the

Mannheim curves in terms of their biharmonic partner curves in Heis -
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1. Introduction

Recently, there has been a growing interest in the theory of biharmonic maps [1-10], which can
be divided into two main research directions. On one hand, the differential geometric aspect has
driven attention to the construction of examples and classification results. On the other hand, the
analytic aspect from the point of view of PDE are solutions of a fourth order strongly elliptic
semilinear PDE.

Let (N,h) and (M,g) be Riemannian manifolds; denote by R" and R the Riemannian
curvature tensors of N and M, respectively. We use the sign convention
RY(X,Y)=[V4,V,]- Vv X,Y eT(TN); for a smooth map ¢:N—>M, the Levi-Civita

connection V of (N,h) induces a conncetion V* on the pull-back bundle ¢ TM =__ T, /M.

The section T(¢):=trv?d¢ is called the tension field of ¢; a map ¢ is said to be harmonic if its
tension field vanishes identically.

A smooth map ¢:N — M is said to be biharmonic if it is a critical point of the bienergy
functional E2(¢)=J'N%|T(¢)|2dvh.The Euler--Lagrange equation of the bienergy is given by

T,(¢) = 0. Here the section T,(¢) is defined by:

T,(4) = A,T(¢) + tR(T(¢),dg)dg, (1.1)
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and called the bitension field of ¢. The operator A, is the rough Laplacian acting on T'(¢'TM)

defined by A, := —Z(Vfivfi -V J where {e;}", is a local orthonormal frame field of N .
i=1 e

In particular, if the target manifold M is the Euclidean space E™, the biharmonic equation of a
map ¢:N —>E"™ is A A, ¢ =0,such that A, isthe Laplace--Beltrami operator of (N,h). Clearly,

any harmonic map is biharmonic; however, the converse is not true. Nonharmonic biharmonic
maps are said to be proper. It is well known that proper biharmonic maps, that is, biharmonic
functions, play an important role in elasticity and hydrodynamics.

Here we study non-geodesic biharmonic curves in the Heisenberg group Heis®, and we
characterize the Mannheim curves in terms of their biharmonic partner curves in Heis®.

2. Heisenberg group Heis®

Heisenberg group Heis *can be seen as the space R® endowed with the following multiplication:
(X,¥,2)(X, ¥, 2) = (X+X, Y+ y,2+z—%>_<y+%xy_/) (2.1)

Heis® is a three-dimensional, connected, simply connected and 2-step nilpotent Lie group. The

Riemannian metric g is given by g = dx*+dy’ +(dz+%dx—§dy)2.The Lie algebra of Heis®

has an orthonormal basis:
0 y 0 e = 0 +§2,93=2, (22)
16/4

for which we have the Lie products [e,e,]=¢e; [e,,e;]1=[e;,€,]1=0 with
1

—e,,

g(e,.e)=9(e,.e,) = g(e;,€5) =1. Hence Vele1 = Vezez = Veaes =0, Velez = _vezel = 5

1 1
Ve =V, 6= —5& Ve =V,.e= PR

We adopt the following notation and sign convention for Riemannian curvature operator on
Heis® defined by R(X,Y)Z=-V,V,Z+V,V,Z+V, Z,while the Riemannian curvature
tensor is given by R(X,Y,Z,W)=g(R(X,Y)Z,W),where X,Y,Z,W are smooth vector fields
on Heis®.The components {R,} of R relative to {e,e, e} are defined
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by g(R(ei’ej)ek'eI): Riju.
The non-vanishing components of the above tensor fields are

3

1 1
R121 = _Zez’ R131 =

3
& R122:Ze11 Ros, = — €3, Rlssz_zela R233:_Zez,

N
NP

3
R1212 -0 R1313 - R2323

4

. (2.3)

Al

3. Biharmonic curves in the Heisenberg group Heis®

Let 1 cR be an open interval and »:1 — (N,h) be a curve parametrized by arc length on a
Riemannian manifold. Putting T =y , we can write the tension field of y as z(y)=V .y and
4

the biharmonic map equation (1.1) reduces to:
VAT +R(T,V,T)T=0. (3.1)

A successful key to study the geometry of a curve is to use the Frenet frames along the curve,
which is recalled in the following.

Let »:1 — Heis® be a curve on Heis® parametrized by arc length. Let {T, N,B} be the Frenet
frame fields tangent to Heis® along » defined as follows: T is the unit vector field y tangent to
7, N is the unit vector field in the direction of VT (normal to »), and B is chosen so that
{T, N, B} is a positively oriented orthonormal basis. Then, we have the following Frenet-Serret

formulas:
V. T=xN, VN =—«T —1B, V. B=1N, (3.2)

such that x=|V,T| is the curvature of y and 7 is its torsion. Therefore, we can write
T=Te +T,e,+Te,, N=N;e,+N,e,+N,e,, B=TxN=Bge, +B,e, +Bge,.

Theorem 3.1. (see [11]) Let »:1 — Heis® be a non-geodesic curve on Heis® parametrized by
arc length. Then y is a non-geodesic biharmonic curve if and only if

Kk =constant#0, x°+7° :%—BSZ, 7 = N,B,. (3.3)
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Theorem 3.2. (see [11]) Let »:1 — Heis® be a non-geodesic curve on the Heisenberg group
Heis® parametrized by arc length. If « is constant and N,B, # 0, then » is not biharmonic.

4. Mannheim curves in Heisenberg group Heis®

Definition 4.1. Let y,3:1 — Heis® be a unit speed non-geodesic curve. If there exists a
corresponding relationship between the space curves y and g such that, at the corresponding
points of the curves, the principal normal lines of g coincides with the binormal lines of £,
then g is called a Mannheim curve, and y a Mannheim partner curve of £ . The pair {7,ﬂ} IS
said to be a Mannheim pair.

Theorem 4.2. Let S:1 — Heis® be a Mannheim curve and y its biharmonic partner curve.
Then, the parametric equation of Mannheim curve g in terms of its biharmonic partner curve y
of g are

A . 1
X,4(s)= ;Slngp(COS(o—iR)COS[ﬁRS + p](cosp + Esinzgo)
1 . .
+—sIin@sIin[Rs + p],
RSN [Rs+p]
A 1,
yﬂ(S):—SIﬂ(D(COS(D—iR)(COS(p-i—Esm @)sin[Rs + p] (4.1)
K
1 .
—§SIH¢COS[9{S+,O],

1, .
Z.lS)=(COSp+— S—SIng,
4(s)= (cosp Z975in°®) @

cosg £+/5(cosp) —4
> .

where p is constant of integration and R =

Proof. The covariant derivative of the vector field T is:
V. T= (Tl +T,T;)e, + (Tz -TT)e, +T3:es- (4.2)
Thus using Theorem 3.2, we find:

T =singcogRs+ ple, +sin@sin[Rs + ple, + cosge,, (4.3)

Prespacetime Journal www.prespacetime.com
Published by QuantumDream, Inc.



Prespacetime Journal| March 2016 | Volume 7 | Issue 3 | pp. 630-635 634
Nufiez-Yépez, H. N., Kérpinar, T., Salas-Brito, A. L. & Lopez-Bonilla, Heisenberg Group & Mannheim Curves

2
such that % = S°52% /5(cosp) _4.

2

Using (2.2) in (4.3) we obtain:
T = (singpcodRs + p],sinpsin[Rs + p],

cosw—% y(s)sinpcogRs + p] +%x(s)sin psin[Rs + p]).

From (2.2), we get: T = (sinpcogRs+ p],singsin[Rs+ p], and
cos<o+%sinzgocosz[iﬂs+p]+§sin2(psinz[ﬂ%s+p]).On the other hand, suppose that

B(s) is a Mannheim curve, then by the definition we can assume that:

B(s)=y(s)+ AB(s). (4.4)
From (4.2) and (4.3), we deduce VT =sing(cosg—R)sin[%s + ple, —cogdRs + ple, )
By the use of Frenet-Serret formulas, we get:

1

N==V.T= 1[sin p(cosp—R)sin[Rs + ple, — cogdRs + ple, )] (4.5)
K K

Substituting (2.2) in (4.5), we have N :isingD(COS(D—iR)(Sin[SRS+,0],—COS[YRS+,0],O).NOting
K
that TxN =B, we deduce:
1 . 1 .,
= Zsing(cosp —R)(cogRs + p](c03¢+ﬁs|n ?), (4.6)
K

(COS¢)+§sinZ¢J)Sin[9{S + pl,—sing).

Finally, we substitute (4.3) and (4.6) into (4.4), we get (4.1). The proof is completed.

Corollary 4.3. Let y:1 5K be a unit speed non-geodesic biharmonic partner curve of
Mannheim curve S . Then, the parametric equations of y are
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x(s)= %sin psin[Rs + p), y(s)= —%singocos[ﬂ%wp],

cosg £+/5(cosp) —4 47
> : .

1 2
z(s)=(cosp + —gij s, =
(s)=(cose 4€Rsm(0)

The theory of biharmonic functions is an old and rich subject [12-19], and they were studied
since 1862 by Maxwell to describe a mathematical model in elasticity.
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