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Abstract 

We study non-geodesic biharmonic curves in the Heisenberg  group Heis
3
 to characterize the 

Mannheim curves in terms of their biharmonic partner curves in Heis .3
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1.  Introduction 
 

Recently, there has been a growing interest in the theory of biharmonic maps [1-10], which can 

be divided into two main research directions. On one hand, the differential geometric aspect has 

driven attention to the construction of examples and classification results. On the other hand, the 

analytic aspect from the point of view of PDE are solutions of a fourth order strongly elliptic 

semilinear PDE. 

 

Let ),( hN  and ),( gM  be Riemannian manifolds; denote by NR  and R  the Riemannian 

curvature tensors of N  and M , respectively. We use the sign convention 

       .,,,=, , TNYXYXR YXYX

N  ; for a smooth map MN : , the Levi-Civita 

connection   of ),( hN  induces a conncetion 
  on the pull-back bundle .= )( MTTM pNp  


 

The section  dtr:=)(T   is called the tension field of  ; a map   is said to be harmonic if its 

tension field vanishes identically. 

 

A smooth map MN :  is said to be biharmonic if it is a critical point of the bienergy 

functional   .)(
2

1
=

2

2 h
N

dvE  T The Euler--Lagrange equation of the bienergy is given by 

0=)(2 T . Here the section )(2 T  is defined by: 

 

   ,),(tr)(=)(2   ddR TTT         (1.1) 
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and called the bitension field of  . The operator   is the rough Laplacian acting on )( TM   

defined by ,:=
1=

















 


i

eN

i
ei

e
i

e

n

i

where n

iie 1=}{  is a local orthonormal frame field of N .  

 

In particular, if the target manifold M  is the Euclidean space mE , the biharmonic equation of a 

map mN E:  is 0,=hh such that h  is the Laplace--Beltrami operator of ),( hN . Clearly, 

any harmonic map is biharmonic; however, the converse is not true. Nonharmonic biharmonic 

maps are said to be proper. It is well known that proper biharmonic maps, that is, biharmonic 

functions, play an important role in elasticity and hydrodynamics. 

 

Here we study non-geodesic biharmonic curves in the Heisenberg group Heis 3 , and we 

characterize the Mannheim curves in terms of their biharmonic partner curves in Heis .3
 

 

 

2. Heisenberg group Heis 3  

Heisenberg group Heis 3 can be seen as the space 3R  endowed  with the following multiplication: 

 )
2

1

2

1
,,(=),,)(,,( yxyxzzyyxxzyxzyx   (2.1) 

Heis 3  is a three-dimensional, connected, simply connected and 2-step nilpotent Lie group. The 

Riemannian metric g  is given by .)
22

(= 222 dy
x

dx
y

dzdydxg  The Lie algebra of Heis 3  

has an orthonormal basis: 

 ,=,
2

=,
2

= 321
z

e
z

x

y
e

z

y

x
e






















 (2.2) 

 

for which we have the Lie products 0=],[=],[,=],[ 1332321 eeeeeee with 

1.=),(=),(=),( 332211 eegeegeeg  Hence  0,=== 3
3

2
2

1
1

eee eee    ,
2

1
== 31

2
2

1
eee ee   

,
2

1
== 21

3
3

1
eee ee     .

2

1
== 12

3
3

2
eee ee   

 

We adopt the following notation and sign convention for Riemannian curvature operator on 

Heis 3  defined by ,=),( ], ZZZZYXR YXXYYX  while the Riemannian curvature 

tensor is given by ),,),((=),,,( WZYXRgWZYXR where WZYX ,,,  are smooth vector fields 

on Heis .3
The components }{ ijklR  of R  relative to  321 ,, eee  are defined 
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by  
.=,),( ijkllkji ReeeeRg  

 

The non-vanishing components of the above tensor fields are 

 

,
4

3
=,

4

1
=,

4

3
= 112231312121 eReReR   ,

4

1
=,

4

1
=,

4

1
= 223311333232 eReReR      

                                       .
4

1
==,

4

3
= 232313131212 RRR   (2.3) 

 

 

3.  Biharmonic curves in the Heisenberg group Heis 3  

 

Let RI  be an open interval and  ),(: hNI   be a curve parametrized by arc length on a 

Riemannian manifold. Putting '=T , we can write the tension field of   as 
'

'


=)(  and 

the biharmonic map equation (1.1) reduces to: 

 

 0.=),(3
TTTT TT  R  (3.1) 

 

A successful key to study the geometry of a curve is to use the Frenet frames along the curve, 

which is recalled in the following. 

 

Let 3: HeisI   be a curve on 
3Heis  parametrized by arc length. Let }{ BN,T,  be the Frenet 

frame fields tangent to Heis 3  along   defined as follows: T  is the unit vector field '  tangent to 

 , N  is the unit vector field in the direction of TT  (normal to  ), and B  is chosen so that 

}{ BN,T,  is a positively oriented orthonormal basis. Then, we have the following Frenet-Serret 

formulas: 

                  ,= NTT        ,= BTNT          ,= NBT                             (3.2) 

                                      

such that |=| TT  is the curvature of   and   is its torsion. Therefore, we can write  

,eeeT 332211= TTT   ,= 332211 eeeN NNN    .== 332211 eeeNTB BBB   

 

Theorem 3.1. (see [11]) Let 3: HeisI   be a non-geodesic curve on 
3Heis  parametrized by 

arc length. Then   is a non-geodesic biharmonic curve if and only if 

                  0,constant=    ,
4

1
= 2

3

22 B   .= 33BN'                          (3.3)                                      

 



Prespacetime Journal| March 2016 | Volume 7 | Issue 3 | pp. 630-635 
Núñez-Yépez, H. N., Körpınar, T., Salas-Brito, A. L. & López-Bonilla, Heisenberg Group & Mannheim Curves 

 
ISSN: 2153-8301 Prespacetime Journal 

Published by  QuantumDream, Inc. 
www.prespacetime.com 

 

633 

Theorem 3.2. (see [11]) Let 3: HeisI   be a non-geodesic curve on the Heisenberg group 

3Heis  parametrized by arc length. If   is constant and 011 BN , then   is not biharmonic. 

 

 

4.  Mannheim curves in Heisenberg group Heis 3  

 

Definition 4.1. Let 3:, HeisI    be a unit speed non-geodesic curve. If there exists a 

corresponding relationship between the space curves   and   such that, at the corresponding 

points of the curves, the principal normal lines of   coincides with the binormal lines of  , 

then   is called a Mannheim curve, and   a Mannheim partner curve of  . The pair   ,  is 

said to be a Mannheim pair. 

 

Theorem 4.2. Let 3: HeisI   be a Mannheim curve and   its biharmonic partner curve. 

Then, the parametric equation of Mannheim curve   in terms of its biharmonic partner curve   

of   are 

     )sin
2

1
cos]([coscossin= 2







 ssx  

 ],[sinsin
1

 


 s  

     ][sin)sin
2

1
cos(cossin= 2 




 


 ssy  (4.1) 

 ],[cossin
1

 


 s  

   ,sin)sin
4

1
cos(= 2  


 ssz  

where   is constant of integration and 
 

.
2

4cos5cos
=

2





 

 

Proof.  The covariant derivative of the vector field T  is: 

 

 .)()(= 3323121321 eeeTT

''' TTTTTTT   (4.2) 

 

Thus using Theorem 3.2, we find: 

 

 ,cos][sinsin][cossin= 321 eeeT   ss  (4.3) 
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such that  
 

.
2

4cos5cos
=

2





 

 

Using (2.2) in (4.3) we obtain: 

 

                                             ],[sinsin],[cossin(=   ssT   

                                    ]).[sinsin
2

1
][cossin

2

1
cos   ssxssy  

 

From (2.2), we get:  ],[sinsin],[cossin(=   ssT   and 

]).[sinsin
2

1
][cossin

2

1
cos 2222  





 ss On the other hand, suppose that 

 s  is a Mannheim curve, then by the definition we can assume that: 

 

      .= sss B   (4.4) 

 

From (4.2) and (4.3), we deduce   .][cos][sincossin= 21 eeTT   ss  

 

By the use of Frenet-Serret formulas, we get: 

 

 TN T


1
=   ].][cos][sincossin[

1
= 21 ee 


 ss                   (4.5)    

                                  

Substituting (2.2) in (4.5), we have   ],0).[cos],[sin(cossin
1

= 


 ssN Noting 

that ,B=NT  we deduce: 

 

   ),sin
2

1
cos]([cos(cossin

1
= 2
 

 sB                                    (4.6) 

 ).sin],[sin)sin
2

1
cos( 2  


 s  

 

Finally, we substitute (4.3) and (4.6) into (4.4), we get (4.1). The proof is completed. 

 

Corollary 4.3. Let KI:   be a unit speed non-geodesic biharmonic partner curve of 

Mannheim curve  . Then, the parametric equations of   are 
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                       ],[sinsin
1

=  


ssx   ],[cossin
1

=  


 ssy   

                        ,)sin
4

1
cos(= 2 ssz 


  

 
.

2

4cos5cos
=

2





                                (4.7) 

 

The theory of biharmonic functions is an old and rich subject [12-19], and they were studied 

since 1862 by Maxwell to describe a mathematical model in elasticity. 
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