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Abstract 
The dark energy model with EoS parameter is derived for hypersurface-homogenous space-time 

filled with perfect fluid source in the frame work of f(R, T) gravity (Harko et al., arXiv: 

1104.2669v2 [gr-qc], 2011). To obtain a determinate solution, special law of variation for 

Hubble’s parameter proposed by Berman [(Nuvo Cimento B, 74,183(1983)] is used. We have 

also assumed that the scalar expansion is proportional to shear and the EoS parameter is 

proportional to skewness parameter. In fact, the possibility of reconstruction of the hypersurface-

homogenous cosmology with an appropriate choice of a function f(T)  has been proved in f(R, T) 

gravity. It is observed that the EoS parameter, skewness parameters in the model turn out to be 

functions of cosmic time. Some physical and kinematical properties of the model are also 

discussed. We have also discussed the well known astrophysical phenomena, namely, look-back 

time, proper distance, luminosity distance, angular diameter distance with redshift. 

Keywords: Dark energy, constant deceleration parameter, f(R, T) gravity, hypersurface-

homogenous space-time. 

 

1. Introduction 

Recent discovery of dark energy as a theoretical clarification of the accelerated growth of the 

Universe is a great surprise in cosmology. The proof of the existence of dark energy comes from 

the observations of stars (Perlmutter et al. 1997, 1998, 1999; Riess et al. 1998) and alternative 

observations such as cosmic microwave background (CMB) anisotropies measured with WMAP 

satellite (Spergel et al. 2003; Bennett et al. 2003) and enormous scale structure (Verde et al. 

2002; Hawkins et al. 2003; Abazajian et al. 2004). It is estimated that dark energy occupies 73% 

of the energy of the universe, whereas dark matter occupies 23%, and usual baryonic matter 

occupy 4%. To account for these observations, various modified theories of gravity have been 

developed. Recently, Harko et al. (2011) modified Einstein’s theory of gravitation such that the 
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attractive force Lagrangian is given by an discretionary operator of the Ricci scalar R  and of the 

trace T  of the strain energy tensor ijT . Adhav (2012) has obtained Bianchi type-I cosmological 

model in ),( TRf gravity. Katore and Shaikh (2012) investigated Kantowaski-Sachs 

cosmological models with eolotropic dark energy in ),( TRf gravity. Reddy and Shanthikumar 

(2013) have obtained Bianchi type-II cosmological model during this modified theory of gravity. 

Rao and Neelima (2013) studied spatially unvaried and eolotropic Bianchitype-VI0 reference 

system stuffed with perfect fluid normally scientific theory and additionally within the 

framework of ),( TRf gravity.  

A five dimensional Kaluza-Klein cosmological model is taken into account within the frame 

work of ),( TRf gravity are investigated by Reddy et. al.(2013). A spatially unvaried and 

eolotropic Bianchi type-III reference system is taken into account by Kiran and Reddy (2013) 

within the presence of bulk viscous fluid containing one dimensional cosmic string within the 

frame work of ),( TRf gravity. Bianchi type-V universe stuffed with dark energy (DE) from a 

wet dark fluid (WDF) within the framework of ),( TRf gravity are studied by Samanta (2013). 

Kantowski-Sachs universe stuffed with perfect fluid within the framework of theory of 

),( TRf gravity has been derived by Samanta (2013). Reddy et al. (2013) investigated unvaried 

and eolotropic Bianchi type-III dark energy cosmological model in ),( TRf gravity with variable 

EoS parameter within the presence of perfect fluid supply. Reddy and Santhi Kumar (2013) have 

investigated LRS Bianchi type-II cosmological models in ),( TRf gravity. 

A brand new category of Bianchi cosmological models in ),( TRf gravity has been obtained by 

Chaubey and Shukla (2013). Reddy et. al. (2013) conferred a spatially unvaried and eolotropic 

LRS Bianchi type-II model in ),( TRf gravity, once the supply of energy momentum tensor may 

be a viscous fluid containing one dimensional cosmic string. The Einstein-Rosen reference 

system stuffed with perfect fluid within the framework of ),( TRf gravity has been studied by 

Rao and Neelima (2013). Sharma and Singh (2014) studied Bianchi type-II string cosmological 

model in presence of field of force within the context of ),( TRf theory of gravity. Rani et. 

al.(2014) have explored Bianchi type-III string cosmological models with field of force in 

),( TRf theory of gravity. Sahoo et. al. (2014) studied axially symmetric cosmological model in 

),( TRf gravity. Mishra and Sahoo (2014) investigated Bianchi Type VIh perfect fluid 

cosmological model in ),( TRf gravity. Kaluza-Klein dark energy model in the form of wet dark 

fluid in ),( TRf  gravity have been discussed by Sahoo and Mishra (2014).  
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Study of Bianchi I eolotropic model in ),( TRf gravity has been done by Sharif and Zubair 

(2014). Shamir (2014) have investigated the precise solutions of Bianchi kind I cosmological 

model in ),( TRf gravity. Ahmed and Pradhan (2014) created a brand new category of 

cosmological models in ),( TRf gravity. M. Sharif and Z. Yousaf (2014) study the factors 

poignant the soundness of domestically isotropous spherical self-gravitating systems in 

),( TRf gravity. Yadav et. al. (2014) have thought-about ),( TRf gravity model with associate in 

nursing discretionary coupling between matter and pure mathematics in LRS Bianchi-I reference 

system.  

The spatially unvaried and completely eolotropic Bianchi Type-II reference system dark energy 

model with EoS parameter is taken into account by Singh and Sharma (2014) within the presence 

of an ideal fluid supply within the framework of ),( TRf gravity. The dark energy model with 

equation of state (EoS) parameter comes by Chirde and Shekh (2015) for a non-static plane 

symmetric space-time system stuffed with an ideal fluid supply within the framework of 

),( TRf gravity. Spatially unvaried and eolotropic Bianchi type-V reference system is taken into 

account within the presence of cosmic strings in ),( TRf gravity by Rao and Papa Rao 

(2015).Five dimensional Kaluza-Klein reference system is taken into account within the presence 

of eolotropic dark energy in ),( TRf gravity by Rao and Papa Rao (2015).Sahoo and Sivakumar 

(2015) obtained LRS Bianchi type-I cosmological model in ),( TRf  theory of gravity with Λ(T). 

Inspired by the above investigations and discussion, we discuss in this paper hypersurface-

homogenous dark energy cosmological model, with variable EoS parameter, in ),( TRf gravity 

by choosing an appropriate form of )(Tf  proposed by Harko et al (2011). 

 

2. Metric and Field equations 

Stewart and Ellis (1968) discussed general solutions of Einstein’s field equations for a perfect 

fluid satisfying a barotropic equation of state. Hajj-Boutros (1985) proposed a method to build 

exact solutions of field equations in case of the metric (1) in presence of a perfect fluid and 

obtained exact solutions of the field equations which add to the rare solutions not satisfying the 

barotropic equation of state. We consider the Hypersurface-homogeneous space time of the 

form: 

 

 22222222 ),()()( dzKydytBdxtAdtds  ,     (1) 
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where  tA  and  tB  are the cosmic scale functions, yyyKy sinh,,sin),(  respectively when  

1 ,0 ,1 K . 

Hypersurface–homogeneous cosmological models containing a bulk viscous fluid with time 

varying G and   have been presented by Shri Ram and M.K. Verma (2010).The exact solutions 

of the field equations for Hypersurface-homogeneous space time under the assumption on the 

anisotropy of the fluid (dark energy) are obtained for exponential and power-law volumetric 

expansions in a scalar-tensor theory of gravitation by Katore and Shaikh (2015). A class of 

solutions of Einstein’s field equations describing two-fluid models of the universe in 

Hypersurface-Homogenous space time have been investigated by Katore and Shaikh (2015) . 

The Energy momentum tensor for anisotropic dark energy is given by 

],,,[ zyx

i

j pppdiagT   ],,,,1[ zyx wwwdiag                                     (2) 

where  is the energy density of the fluid and 
zyx ppp ,, are the pressure along zyx ,,  axis 

respectively. 

The Energy momentum tensor may be parameterized as 

.)](),(,,1[   wwwdiagT i

j      (3) 

For the sake of simplicity we choose wwx  and the skewness parameter  are the deviations 

from w on y and z axis respectively. Now varying the action 

,),(
16

1 44 xdgLxdgTRfS m  
        (4) 

of the gravitational field with respect to the metric tensor components 
ijg we obtain the field 

equation of ),( TRf gravity model as (Harko et. al.(2011)) 

,),(),(8),()(),(
2

1
),( ijTijRijRjiijijijR TRfTTRfTTRfgRTRfRTRf   

 (5) 

where 

,2,
)(2

ijijijmijij pgTL
g

g

g
T 






       (6) 
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),( TRf is an arbitrary function if Ricci Scalar R and of the trace T of the stress energy tensor of 

matter 
ijT  and mL is the matter Langrangian density and in the present study we have assumed 

that the stress energy tensor of matter as  

.)( ijjiij pguupT        (7)  

Now assuming that the function ),( TRf  given by  

),(2),( TfRTRf        (8) 

where )(Tf  is an arbitrary function of trace of the stress energy tensor of matter and using the 

equation (6) and (7), the field equation (5) takes the form  

  ,)()(2)(28
2

1
ijijijijij gTfTfpTTfTRgR      (9) 

where the overhead prime indicates differentiation with respect to argument. 

We also choose  

,)( TTf        (10) 

where   is constant. 

Now assuming commoving coordinate system, the field equations (9) for the metric (1) with the 

help of equations (3) and (10) can be written as 

  ,2)231()28(2
22

2

pww
B

K

B

B

B

B
 


    (11) 

  ,2)231())(28( pww
B

B

A

A

B

B

A

A
 


    (12) 

  ,2)231()28(2
22

2

pw
B

K

B

B

B

B

A

A
 


    (13) 

where the overhead dot  denotes differentiation with respect to t. 

 

 

3. Solution of the field equations 

The directional Hubble parameters in the directions zyx ,,  for the Hypersurface-Homogenous 

metric defined in (1) may be defined as follows: 
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A

A
H x


 and .

B

B
HH zy


           (14) 

The mean Hubble parameter, H, is given by 











B

B

A

A

V

V

a

a
H


2

3

1

3

1
 ,         (15) 

where a is the mean scale factor and 
23 ABaV  is the spatial volume of the universe. 

The anisotropy parameter of the expansion  is defined as 











 


3

1

2

3

1

i

i

H

HH
        (16) 

in the zyx ,,  directions, respectively. 0  corresponds  to isotropic expansion. 

Let us introduce the dynamical scalars, such as expansion parameter )(   and the shear )( 2 as 

usual 

H3 .        (17) 

22

2

3
H

.
           (18) 

The field equations (11)-(13) are three independent equations in six unknowns. Hence to obtain 

determinate solution of the system we take the help of special law of variation proposed by 

Bermann (1983) for Hubble’s parameter that yields constant deceleration parameter models of 

the universe. Hence to find deterministic solution three more conditions are necessary, we 

consider the following conditions: 

 

(i) We apply the variation of Hubble Parameters proposed by Berman (1983) that yields 

constant deceleration parameter as 


2a

aa
q




constant.     (19) 

Here the constant is taken as negative since ),( TRf gravity is about accelerated expansion 

of the universe. 

(ii)We assume that the Expansion Scalar   is proportional to the Shear Scalar   which 

gives us 

nBA ,       (20) 

    where n  is a constant . 

The motive behind this assumption is explained by Collins et al. (1980),Katore and Shaikh 

(2014a,2014b,2014c,2015). 
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(iii) The EoS parameter w  is proportional to skewness parameter   such that 

     0w .     (21) 

The solution of equation (19) is given by 

mta

1

21 )][(   ,    (22) 

where 01   and 2 be the constants of integration. 

 

Now using equations (19), (20), and (22) the expansion for the metric coefficient in the field 

equations are 

)2(

3

21 )][(  nm

n

tA   ,    (23) 

)2(

3

21 )][(  nmtB   .    (24) 

With the suitable choice of coordinates and constants, the metric (1) with the help of (23) and 

(24) can be 

 222)2(

6

21

2)2(

6

21

22 ),()()( dzKydytdxtdtds nmnm

n

   .  (25) 

The model (25) has no initial singularity. 

 

4. Some Physical properties of the model 

Equation (25) represents Hypersurface-Homogenous Dark Energy Model in f(R,T)  gravity with 

the following physical and kinematical parameters of the model which are important for 

discussing the physical of the cosmological model. 

 

The Spatial volume in the model is 

mtV

3

21 )(   .         (26) 
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Figure 1. Spatial Volume vs time. 

 

The spatial volume increases with time giving the accelerated expansion of the universe as 

shown in figure 1 which resembles with Katore and Shaikh(2012). At
1

2




t , the volume 

element of the model vanishes. 
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Figure 2. Expansion Scalar vs time. 

 

The generalized Hubble Parameter is 
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)( 21

1








tm
H .           (27) 

At an initial epoch, i.e., as 0t  , the Hubble parameter tends to infinite values whereas 0H  

as t . 

 

The Scalar expansion in the model is 

)(

3

21

1









tm
.      (28) 

 

As in figure 2, the Shear Scalar has infinite large values as 0t , whereas with the growth of 

cosmic time it decreases to null values as t . 

Mean anisotropy parameter is 

2

2

)2(

)2(3






n

n
.     (29) 

The mean anisotropic parameter is uniform throughout the evolution of the universe, since it 

does not depend on the cosmic time t which resembles with the investigations of Katore et. al. 

(2011) 

 

\The Shear Scalar in the model is 

2

21

2
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2

2
2

)()2(2

)2(9
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







tmn

n
.        (30) 
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Figure 3. Shear Scalar vs time. 
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In the beginning of the universe, i.e., as 0t ,the shear scalar assumed infinitely large value 

whereas with the growth of cosmic time it decreases to null values as t  as shown in figure 

3. 

 

The energy density in the model is

 
p
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tnm
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Since in the case of accelerated expansion we have 0 p  (Reddy et. al. (2013)) 
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Figure 4. Energy Density vs time . 

 

We see in Fig. 4, ρ decreases with respect to time which resembles with Katore et. al. (2010) 

The Equation of state and Skewness parameter in the model are
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Figure 5. EoS parameter  vs time. 

 

It is observed that EoS parameter, skewness parameters in the model are all functions of t . 

Figure 5 depicts the variation of EoS parameter (ω) versus cosmic time (t ) in evolution of the 

universe, as a representative case with appropriate choice of constants of integration and other 

physical parameters using reasonably well known situations. We observed that for 1,0,1K , 

there is phantom region ( 1 ) always (i.e. at initial as well as late time) , which resembles 

with the investigations of Pradhan et. al.(2012). 

 

 

5. Some observational parameters 

In this section, we investigate the consistency of our models with the observational parameters. 

We measure the physical parameters such as redshift, look-back time, luminosity distance, 

distance modulus. 

 

5. (a) Look back time redshift: 

The expansion scale factor )(ta  and the redshift z are related through the equation 

a

a
z 0)1(  ,      (33) 

where 0a  represent the present value of scale factor. 

 

Now we solve the equations (22) and (33) we get 
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m

t

t

a

a
z

1

21

20101 


















,for 0m .     (34) 

Above equation gives 

     m
ztt


 120121  .      (35) 

This equation can also be expressed as  

    m
z

m
ttH


 111

00 ,      (36) 

where 0H  is the Hubble’s constant at present. 

 

For the small value of redshift z, above equation reduces to 

  










 ..............

2

)1(1 2
00 z

mm
mz

m
ttH .     (37) 

Using equation (19) we get 

  







 ..............

2

2
00 z

q
zttH ,         (38) 

for
2

3m , we get the well-known Einstein de-Sitter result 

    2
3

00 11
3

2 
 zttH ,      (39) 

 

5. (b) Luminosity distance: 

The luminosity distance is described by the simple expression 

01 )1( azrdL  ,      (40) 

for the determination of 1r , we assume that a photon emitted by source with coordinate 0rr   

to 0tt   and received at a time t by an observer located at 0r , then we determine 1r  from 

following relation  

 




00

1

21

1

t

t
m

t

t t

dt

a

dt
r


.     (41) 

Hence, using above equation (41) we get the expression for luminosity distance as 

)1(

])1(1[)1( 11
0



 


n

zHz

L

n

d .     (42) 

 

5. (c) Distance modulus: 

The distance modulus universe is given by the simple expression 

25)(log5)(  zdz L ,     (43) 

where )(zdL is the luminosity distance. 
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From equation (42) 

  25log5)(
)1(

)1(1[)1( 11
0 



 

n

zHz n

z .     (44) 

The distance modulus of derived model is in good agreement with SN Ia data.  

 

5. (d) Cosmic Jerk parameter: 

The jerk parameter j in cosmology could be a convenient methodology to explain models near 

ΛCDM. The jerk parameter j(t) is outlined as a dimensionless third spinoff of the scale factor a 

with relation to time (Chiba and Nakamura 1998; Visser 2004, 2005;Sahni 2002; Blandford et al. 

2004 ). 

 
2

22

3 2H

Ha

aH

a
j






,      (45) 

where dot and prime denotes differentiation with respect to time and scale factor respectively.   

The above equation can be written as  

H

q
qqj


 22 .      (46) 

The deceleration to acceleration transition occurs for models with a positive value of 0j  and 

negative value of 0q . 

Hence using equation (15) and (19) we get 

)21)(1( mmj  .      (47) 
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Figure 6. Jerk parameter vs m. 
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This value overlaps with Flat ΛCDM models j = 1 for m = 3/2 which resembles with the 

investigations of Chaubey and Shukla (2012). Figure 6 shows that the jerk parameter is positive 

throughout the entire history of the universe and for large cosmic time, the jerk parameter is 

greater than 1.This physical behavior resembles with the behavior of Sarkar (2014). 

 

5. (e) State finder diagnostics: 

A new geometrical diagnostic, dubbed the statefinder combine {r,s} is planned by Sahni et al. 

(2003), wherever r is merely determined by scalar factor a and its derivatives with reference to 

the time t , even as the Hubble parameter H and also the speed parameter q, and s could be a 

straightforward combination of r and q. The two parameters have a great geometrical 

significance since they are derived from the cosmic scale factor alone. Its important property is 

that {r, s} = {1, 0} is a fixed point for the flat ΛCDM FRW cosmological model. The statefinder 

parameters can effectively differentiate between different form of dark energy and provide 

simple diagnosis regarding whether a particular model fits into the basic observational data. The 

statefinder combine has been wont to explore a series of dark energy and cosmological models 

(Li et al. 2009;Liu and Liu 2008; Huang and Lu, H.Q 2008; Jamil and Debnath2011; Katore and 

Shaikh(2012)).  

The pair of state finder diagnostic has a following form 

32
31

H

H

H

H
r


 and














2

1
3

1

q

r
s .     (48) 

In our model the parameters  sr, can be explicitly written as 

 132 2  mmr , and       (49) 

 

 12
2

3

1)132 2






q

mm
s ,       (50) 

and the relation between r andsis 

  13232  ssr .       (51) 
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Figure 7. r vs s. 

 

The universe starts from an asymptotic Einstein static era ),(  sr and goes to ΛCDM 

model )0,1(  sr  as shown in figure 7 and which resembles with G.C. Samanta (2013).The 

physical behavior of the parameters resembles with the behavior of Sarkar (2014). 

 

 

6. Conclusions 

Here we have discussed hypersurface-homogenous space-time in the presence of anisotropic 

fluid in ),( TRf gravity formulated by Harko et al. (2011) by modifying general relativity to 

explain the challenging problem of late time acceleration of the universe. To obtain a 

determinate solution of the highly non-linear field equations of this theory, we have taken the 

help of special law of variation for Hubble’s parameter proposed by Berman (1983). At 0t the 

spatial volume V tend to zero when t → 0 and V →∞ when t →∞. Thus the model starts evolving 

with a big-bang at 0t .  

 

The scalar expansion and shear scalar are also take infinite value at the origin of the universe i.e. 

0t  and tend to zero as t→∞.The behavior of energy density ρ versus time is clearly depicted 

in Fig. 4. It is observed that EoS parameter, skewness parameters in the model are all functions 

of time. {r, s} diagram (Fig. 7) shows that the evolution of the universe starts from asymptotic 

Einstein static era  sr , and approaches to ΛCDM model ( 0,1  sr ). We have also 

discussed the well-known astrophysical phenomena, namely, look-back time, proper distance, 
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luminosity distance, angular diameter distance. It is interesting to note that the results obtained 

resembles with the investigations of Reddy et. al. (2013). 
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