Prespacetime Journal| September 2015 | Volume 6 | Issue 9 | pp. 814-817 814
Rathie, A. K., Lépez-Bonilla, J. & Lopez-Vazquez, R., On a New Class of Integral Involving Generalized Hypergeometric Function

Article

On a New Class of Integral Involving
Generalized Hypergeometric Function

Arjun K. Rathie®, J. Lépez-Bonilla®" & R. L6pez-Vazquez®

1Dept. of Math., Central Univ. of Kerala, School of Math. & Physical Sciences, Periye,
P.O., Kasaragod- 671 328, Kerala State, India
2ESIME-Zacatenco, IPN, Edif. 5, ler. Piso, Col. Lindavista CP 07738, Mexico city

Abstract
The aim of this note is to evaluate an interesting integral involving generalized hypergeometric

function by employing the extension of Gauss’s summation theorem available in the literature. A
few known integrals have been obtained as special cases of our main findings.
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1. Introduction

We start with the following integral recorded in [1, p. 399, eq. (5)]:

fol xPTH (1 =-x)"t R [

a,yﬁ; X] dx = I'(p) I'(s) JF, [a, B.o. 1] ’ 1)

I'(p+ o) Y, pto’

provided Re(p) >0, Re(6) >0 and Re(y + ¢ —a — ) > 0.

It is interesting to mention here that if in (1) wetake 0 = B — p or p =y, 0 = p We see
that, in each case, the 3F, appearing on the right-hand side of (1) reduces to ,F; which can be
evaluated by classical Gauss’s summation theorem [3]:

a B. _ T TIra—oa-p) o
zFl[ v 1] = TomoTo-p Re(y —a — B) >0, 2)
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and we arrive at the following integrals involving hypergeometric function which are also
recorded in [1, p. 399, Egs. (3) and (4)]:

1 . _ _ r(y) T(p) I'(B—p) I'(y—a—p)
p—-1 _ o—1 a B, — Y) L{p
fo x (1-x) 2F1 [ v’ x] dx ') r'y—a) L(y—p) ’ )

such that Re(p) >0, Re(B— p) >0 and Re(y —a — p) > 0, and

1 ., _ Ir(Y) T(p) I'(B—p)I(y+p—a—p)
y-1 _ -1 a B. - W
fo x (1= 21 [ 14 ,x] dx L(y+p— o) T(y+ p— B) ’ ()

with Re(y) >0, Re(p) >0 and Re(y + p —a — ) > 0.

The following extension of classical Gauss’s summation theorem (2) is available in the literature

[2]:

a, b,d+1 , _ T(c+1) I'(c—a-b) o ab
3F2[c+1, d '1] = T(c—a+1) [(c—b+D) {(C a—b) + d}’ (®)

provided Re(c—a—b) >0and d # 0,—1,-2,...

The aim of this short note is to evaluate an interesting integral involving generalized
hypergeometric function by employing extension of Gauss’s summation theorem (5). A few
interesting integrals [including the results (1), (3), and (4)] have been obtained as special cases of
our main findings.

2. Main result

The interesting integral involving generalized hypergeometric function to be evaluated in this
work is given in the following:

Theorem: ForRe(p) >0, Re(s) >0, Re(y + o-a-p) >0 and d #0,—1,,..,

the following result holds true:

1 5,1 _ -1 a, B, d+1 . _ I(T@) a, B, pd+1
Jo ¥t (1 =x)° 3P |01 % ,x] dx = Toro JF; [y+1, e d,l]. (6)
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Proof: In order to establish our main result (6), we proceed as follows. Denoting the left-hand
side of (6) by I, expressing the generalized hypergeometric function 3F, as a series, changing the
order of integration and summation (which is easily seen to be justified due to the uniform
convergence of the series), we have:

- w (@n (B (d+1)y 1 - _
| = Zn=o a(y+1)n D fo xp+n 1 (1_x)a 1 dx .

I'(a+n)
I'(a)

Evaluating the beta integral and using the result (a), = , we obtain, after some
simplification:

| = I'(p) I'(o) o (@n Bn (P (@+1)y
I'(p+ o) =0 (y+1), (p+)n (Dn n!

Finally, summing up the series, we easily arrive at the right-hand side of (6). This completes the
proof of our main result (6).

3. Special cases

In this section, we shall consider some of the very interesting special cases of our main result.

Corollary 1. In (6), if we take d =y, we at once get the known expression (1). Thus the
result (6) may be regarded as an extension of (1).

Corollary 2. In (6), if we select o = 8 — p , we get after some simplification:

1 o1 (4 _ —p-1 a, B, d+1 _ TI(@re-p a p, d+1,
fyxet =xf=p7t R[04 k] dx = TELERL g (e e dia) (7)

We now observe that the 3F, appearing on the right-hand side of (7) can be evaluated with the
help of the result (5) by taking a = 8, b = p and ¢ = y and after some simplification, we deduce
the following new and interesting result:

1
B o a B, d+1
jxpl(l—x)‘(”p1 3F, ;x| dx =
0 Y +1 , d
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(8)

_ T@Ere-p TE+DIE-o0-p) o ap
B r® ['(y—o+1) [(y—p+1) {(]/ a—p)+ P } .

Further, in (8), if we take d = y, we get at once the known result (3). Thus the formula (8) may be
regarded as the extension of the result (3).

Corollary 3. In (6), if we take p =y and o = p, we obtain:

1,4 _ -1 a, B, d+1 . _ M1 a, B, v,d+1 .
Jo ¥t A =x)* 3F2[ y+1, d ,x] dx = Tar 43 [y+1, vp d ’1]’ ©)

In this, if we take d =y, we get:

1o y-1 (1 _ ,\p-1 a B . _ I»re a B .
o™ =P 3R | f x| dx = SR LR (%05, (10)

We now observe that the ,F; appearing on the right-hand side of (10) can be evaluated with the
help of Gauss’s summation theorem (2), and after some simplification, we get the known result
(4). Similarly, other results can also be obtained.
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