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Abstract

In this article, we study some differential aspects of the spinor and Newman-Penrose techniques.
Particularly, we study the evolution of the null tetrad and the spin frame at each event of the
space-time which permits the introduction of the spin and rotation coefficients. We then consider
Lorentz transformation which leads to special rotations of the NP’s tetrad and spin frame and
demonstrate the corresponding changes in the spin coefficients and in the NP components of
Faraday, Ricci without trace, Lanczos and Weyl tensors.
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1. Introduction

The material in this work has relationship with the publications [1, 2], and we shall use their
notation and conventions. Here we consider some differential properties of the spinorial and
Newman-Penrose (NP) [3-7] formalisms. In Sec. 2, we study the evolution of the null tetrad and
the spin frame at each event of the space-time which permits the introduction of the spin and
rotation coefficients [8]. In Sec.3, we consider Lorentz transformation which leads to special
rotations of the NP’s tetrad and spin frame and demonstrate the corresponding changes in the
spin coefficients and in the NP components of Faraday, Ricci without trace, Lanczos and Weyl
tensors.

2. Null tetrad and its spin and rotation coefficients

The differential operator V, =;u means covariant derivative and it has tensorial character,
hence it can be written in terms of the null tetrad, and its corresponding projections onto the NP

vectors are the intrinsic derivatives:

DEI“V#, AEn“V#, 6Em“V#, 651?1“%, (¢D)

therefore
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Ve=L,A+n,D-—m, 6§ —-m, 6, (2)
whose spinor form is given by:
Vag= 0" a5 Vy= 0405 A+ 1413 D — 04136 — 1405 5, 3)
thus:
D = 0408V, A= 4BV, 8 =048 V,;, §=1%0BV,. (4)

If we know the action of (1) on o4 and 4, then we shall learn their operation on the null tetrad.
For example, Do, is a spinor with certain components with respect to the spin frame, which
introduces the NP notation [7]:

k =04Do,, &=14Do, Dos=c04—Kly, ot =1,
similarly:
Aoy =v04—TYlY, 6oy =P os4—01y, Sos=ao,—ply,
DLA=7TOA—€LA, AlA=VOA—)/lA, 6lA=,Ll0A—ﬁLA, 5LA=/10A—0UA,

)= TED. sCD-C HE) e
s@)-(C e - P)E

Kk = 04D (0,05(%) = 04[:BD(0,05) + 0,405DE] = 048D (0405) = m*Dl,,,

Besides:
where we accept that:

Vy0,45=0, V, &3 =0, v, et =0, (6)
therefore the spin coefficients admit the tensorial expressions:

kK =mtDl,, o=mtsl,, p=mtél,, T=mHAl,, v=ntAm,, A=nHtém,,

— — 1 — 1 3 — s
— iU — na = = u — u = = u —_ u
T =n*Dm,, wp=n%dm,, e—z(n Dl, mDmu), a—z(n 8l m5m#), (7)
1 — 1 —
Yy =3 (n*Al, — m*Am,,), B = > (n”t?lu — m”(Smu),
and
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n*Dl, = e+ ¢, n#Al, =y +vy, nél, =a+p, (8)
mtDm, =¢—&, mtAm, =y —7, mtém, = —a+p.
It is easy to obtain the action of the intrinsic derivatives (1) on the null tetrad:
(7),(8)
Dl, = (n*DL )L, + (I"DL,)n, — (MDL,)m, — (m"Dl,)m, = (e+&)Il,—km,—Krm,
etc., that is:
E+¢E 0 —-K —K
> 0 —(e+9) T T >
t = _ _ t,
s —K e—¢ 0
T —K 0 £-—c¢
y+y 0 -T -7
t = _ _ t,
v —T y—7 0
v -7 0 v—-v
(9)
a+p 0 —-p O
oo 0 —@+p w7 \ ;
h) -0 B-a o0 / '
U —p 0 a-—p
a+p 0 -0 —p
0 —(a+pB) A i z,
i —p a-p _O
A —0 0 B—a
where £ = . From (2):
v = LAl +n,Dl, —m,8l, —m,68l,, ... (10)
therefore:

Vy=¢e+é—p—pn,=u+a—-y—y m'y,=Ff—a—t+7w, m',=n—T—a+pf.
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It is simple to calculate the commutators of (1) when they are applied to an arbitrary scalar
function:
[D,Alf = (Dn* — Al“)Vﬂf, [D,S]f = (DmH — SV, f,

[A, 81f = (Am* — 6n*)V, f, [6,8]f = (6m* — 5mH)V,f,
hence
[D,Al=-@G+PDD—(c+)A+m+1)6+(T+71)6,

[D,8]=(@—-a—-B)D—kA+(p—-E+e)d+0c6,

(12)
[AS]l=vD+(@+F-1DA+—-F7—-né—A197,

6] =(u—DD+(p-pA+(B—a)§—(B-)5.
If into (10) we employ Al,, D1, ?Sl“ and &1, given by (9), we obtain to [, in terms of the null

tetrad which allows to introduce the concept of ‘rotation coefficients’. In fact, first we order the
NP tetrad in the form [2]:

(Z*) =\ n*, m+m*), a=1,..,4, (13)
and we construct the matrix:
0 1 0 0
_ _ ({1 O 0 O
Z=(CZaw) =G Zew) =y o o -1 (14)
0 0 -1 O
with its inverse:
7t =(z90) =z, ZOOZoymy = 85y (15)
which permits to define the dual tetrad of (13):
Z(@u — Z(a)(b)z(b)ll (Z(a)u) = (n*, I#, —m*, —mH), (16)
then:
— — b
Z(a)#Z(a)v = guw = Ln, + Lyn, —m,m, —m,m,, Z(b)”Z(C)” = 6((6)) . (17)

The covariant derivative of (13) can be written in terms of the null tetrad:

Z(a)u;v = Vbac Z(b)u Z(c)v ’ (18)
with the rotation coefficients:
Yabc = ~Vbac = Z(b)u;v Z(a)“ Z(c)v ) (19)
hence (7) acquire the expressions:
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K=VY311, O=7VY313 V=VYaa2, P =V314r A=Vaaa, T=V312, T=Voa1, H=V243,

1 1 1 1 _
&= E(Vzn — Va31),V = > (V212 — Vaz2), @ = 5(V214 —Va34), = 2 (V213 —V433), €+ € =Vo11
(20)
E—E=V341, Y+V=V212, VY=V =V3a2, BH+aA=Vvz3, B—a=Yya3,

that is:
ab\c: 1 2 3 4
31 K T o p
Yabc ¢ 24 n v U A (21)
21 &+& y+y B+a a+p
34 e&—-& y-y B—-a a-f
and the four matrix relations (9) are compacted to:
Y21r 0  Yiar Visr
0,t=| 0 Yir Yar Varle o 50 A, 0,26, 0,=56. (22)

Y23r Yi3r  V3ar 0
Y24r Viar 0 Yasr

In (19) we have covariant derivatives, however, we shall show how to determine y,;,. without to
calculate Christoffel symbols. In fact, we introduce the quantities:

Capr = —Carpb = Yabr — Yarb = (Z(a)u;v - Z(a)v;u)z(b)vz(r)ﬂ, (23)
therefore:

1
Cabr = (Z(a)y,v - Z(a)v,u)Z(b)vZ(r)M: Yabr = 2 (Cabr + Cbra - Crab)r (24)
and

1 1
K = C113,0 = C313,V = (42, p = 5(6314 + Cia3 + C413),ﬁ = 2(6213 + Ci32 + C312 + 2C343)
1 1 1
u= 5(6243 + Cy32 + C342), T = > (6241 + Cpq2 + C142), &= Z(C143 + (341 + Cyq3 + 2C112).
1 1
A = Cyq, T= > (C312 + Ci23 + 6213), Yy = Py (C243 + C34p + Cyp3 + 26212). (25)

1
a = Z (Ca14 + Ciap + Cy1p + 2C443)-

Penrose [9] comments that the spin coefficients formalism was born in [10]. The next Section
studies Lorentz transformations (which imply special rotations of the null tetrad and spin frame)
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and the corresponding changes into the spin coefficients and the NP projections of Faraday,
Ricci, Lanczos and Weyl tensors.
3. Rotations of the null tetrad via Lorentz transformations
At an event of the space-time we can rotate the real tetrad [1, 11]:
@, =1 e® (26)

with the dual tetrad e©®,, = e, and eV, = —e(;y,, j =1,2,3. The Lorentz matrix can be
generated via the quaternionic relation [1, 13-16]:

R =ARA", (27)
or using the Cartan matrix [17]:
_(x B -1 _ ( 6 _ﬁ) _ _
B=(7 5). 87=(5, 7). as-pr=1, (28)
into relation [1, 18-20]:
Lk, = ot pg 0,4 BT, BT (29)

which implies the expressions [21-24]:

L% = %(a&+ BB+ y7+ 88), L= %(c?y+,§6)+ cc, L*,= é(a?—ﬁ6)+ cc,

10y = ~(@B +78) + cc, 'y= 5@+ pp+ce, L= g(ad+ pr)+ co
L0 = 2 (ap + 78) + cc, L'y = 5@+ B +ce, L= (@~ py)+ cc,
(30)

5= >(a@—pf+y7—88), L= 3(ay—f6)+ cc, 1% = ;(a7+p8)+ cc,
BPo=>(aa+pf—yr—688), I3 =2@p-yo)+cc, L= -(ap-yé)+ cc,

1 _ = _
L33=E(aa—,8[>’—yy+ 667, ad — By =1,
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where cc means the complex conjugate of all the previous terms. The components (30) verify the
property:

L'y gal* = gu, g = Diag(1,—-1,-1,-1). (31)

If in (30) we make the changes [t = Jllﬁ]:
a= —Texp (— AJ;B) , = Texp (— AziB) [, y=texp (AJ;iB) Q, §=-texp (A;iB),
(32)

such that A, B are real and I", Q are complex with T'Q # 1 (it is simple to see that (32) respects

the requirement ad — fy = 1), we obtain [25-27] [Q = 2|1_1m|]:

L=Q[ef(1+ )+ e A1+ I'D], L'y= —Q[eBT+Q)+cc|,

I?g= —iQ[e”B(Q+T) —cc), L% =—-Q[eA(Q+ Q) + e AT+ D],

L'y =Q[eB(1+Qr) +cc), I?; =iQ[e” (1 + QD) — cc],

L’ =iQerf(Q—-Q) + e 2T -D)], L', =iQ[e®(1 —Qr) —cc],

1%, =—Qle” Bl — 1) + cc], L% =Q[eA(QQ—1) + e 2(1 - TD)],
(33)

L'5=Q[eBT -0+ cc|, L[3=iQ[e BT -Q)— ccl,
L3=Q[-e2(1+00)+ e 21 +TD)], L} =Q[e2(Q0+Q)—-e AT +1D)],
L3, =iQ[e2(Q—0) + e AT -], L35 =Q[e2(1-Q0) + e 2(1 —TD)],

whose application in (26) gives the most general rotation of the null tetrad and spin frame [3, 4,
8, 28, 29]:

F=2Qe(*+ QOn*+ Om* + Om*), #*=2Qe A(n*+ ITI*+ I'm* + TmH),

it =2Qe BT I* 4+ Qn* + mt + TamH), m* =2QeB (TI* + On* + m* + TQmH)

(34)
c 1 AZIB - c - 1 ZAHEB . c
0" = e 2 (0" + Q1 “"=——e 2 (“+To
— ( ), o ( ),
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hence in the literature it is natural to employ three types of rotations:

Classl: Q=0. [* preserves its direction.
[F = eAlH it = e At + ITI* + T'mt + TmH),
it = e BT I* + mH), mt = eB(T I + mH),
Classll: T'=0. n¥ maintains its direction. (35)

V=e2(l"+ QOn’+ OmV + OmY), AV =eAnY,
m’ =e BQAn'+ m¥), m’=eBQn"+ mY),
Classlll: Q=T=0.
[H= eAlH, fit = e Ank, Mk = e BB mk, mHt = eBm#,
which are important because it is usual to realize rotations to align [* or/and n# with the
principal directions for the conformal tensor [8, 30-32] or for the Faraday electromagnetic tensor
[33], this generates great simplification in many relativistic calculations.
It is useful to indicate the changes of diverse quantities when the null tetrad experiments these

special rotations:

NP components of the Faraday tensor:

Class I: Po = e By, $1 =1+ Ty, $o = e 4B (P, + 2Ty + T2hy).
Class II: Po = e B (P + 20p1 + Q%¢;), P =P +Qby, Py =e A Ep,.  (36)
Class III: Po =e* "By, $1 = ¢1, P, = e 4B,

NP projections of the Ricci tensor without trace:

ClassI:  ¢op = e oo, Po1 = e B(Po1 + Thoo),  Poz = €7 2E(os + 2T do1 + T2eoo),
$11 = P11 + TTpgo + Tpor + Thag,
B12 = e 4B (pyy + Tpoy + 2Tp1y + 2ITpgy + T2pyo + T2 ¢00),
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Baz = 724y + 2Ty + 2Tpyy + ATT 1y + T2os + T2y + 2T Thoy + 2Ty +
T?T2¢g0).

Class I 4322 = 3_2A¢22»¢~’12 = e_A_iB(¢12 + Q¢22),¢~’02 = e_ZiB(Qboz + 2004, + Q%)
¢~)11 = ¢y + ﬁ§1)12 + Q¢ + Qf_lqbzz (37)
Po1 = €47 B (Po1 + 2Qp11 + Aoy + Q2¢hyy + 2000, + Q20,,)

Boo = e (Poo + 20¢o1 + 2010 + B3Py + N2Poy + 400P1; + V202 P,y + 2020 ¢y,

+ 20026 ,).
Class 11l Boo = e* oo, Bo1 = e By, Bo2 = €72 B gy,
¢~’11 = ¢11, ¢~’12 = e_A_iB({bu ) (f;zz = 3_2A¢22-

NP components of the conformal tensor:

Class I: g = e* @By, 1hy = eA7B (Y + Thy),P3 = e A+ B (3 + 3Ty, + 3T, + T34hg)
Yo =, + 2IPy + T2y, Py = e2CA* B (Y, + 4T3 + 6T 2, + 4T3y + THyhy).
Class I1: U, = e B (Y, 4+ 309, + 30%; + Q3Y,), Y3 =e AT E(, + QY,),  (38)
Py =P, + 205 + Oy, P, = e2CATEYy),,
o = e2AT B (g + 40, + 607, + 4033 + QMPy).
Class IlI: Do = 2By oy = etTBy,, P, =1,
U = e~AtBy. 1, = e2CA¥IBYy,
and in their deduction are useful the relations:

Cowmmwe T Cowwe = Coyw@e = Chwwne = Cwawa =0 Y1 = Cwe)ae)
(39)
Y3 = Cay@)@)@) - Y2+ = Cowe = Cewe @ V2 =2 = Cye)@ -
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NP projections of the Lanczos tensor:

Class I: (o = e?4780,, O, =e4(TQy +Qy), O, = eB(Q, + 2I'Q,; + T20Q,),
O, =e472B(Q, +TQy), Q3 = e 4T2B(Q; + 3IQ, + 3T2Q,; +'3Q,),
Qs = e B(Qs +TQ, +TQ; +ITQ),
Q¢ = e (g + 2T'Qs + T'2Q, + TO, + 2ITQ, +'’TQ,)
Q, = e 24*B(Q), + 3T, + 3720 + '3Q, + TQ; + 3TTQ, + 3T2TQ, + I'3TQ,).
Class I1: Q3 = e 4*2B(Q; + 00,), Qs = e B(Qs + 2004 + Q2Q,), Q¢ = e 4(Qg + 0Q,)
(40)

Q, = e'B(Q, + 005 + 004 + 000,), Q, = e472B(Q, + 300 + 3020, + 03Q,),

0, = e4(Q, + 200, + 0205 + 005 + 20004 + 002Q,), Q, = e~24*iBQ

Qo = e?47B(Q, + 300, + 3020, + 0305 + 00, + 3000 + 30200, + 030Q,).
Class lll: Qo = e?478Q,, Q, = e?Q,, Q, =e'5Q,, QO = e 4128,
()4 — eA—ZiBQ4’ ﬁs — e—iBQS’ f~26 — e—AQG’ ﬁ7 — e—2A+iBQ7,
where we used the expressions:

K@ =0+ 4, Koyw@w = Qe + Qe Koy =02 + Qs

Kw@m =0 -4, Kwy@@ = Q% — Qe K@@ =02 — 0s.

Spin coefficients [27, 34]:

Class I:'k = e?4" Bk, p=e4(p+Tk), T =e B(t+To+To+TITk),é = e ?8(c + Tk)

@=e8 E(FD +8)(A—iB)+a+T(e+p+ FK)], 7t = eB(DI + m + 2Te + k),
f=e B E(FD +68)(A—iB)+ B +T(o+Tx) +Fe], £=el ED(A —iB)+¢ +FK]
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A =e A*2B[ST + T(DT + m + 2a) + A + I%(p + 2¢ + I'x)],

f=e [T+ (DT +m + 2Te + k) + u + T'(2B + T'o)],

<t

=4 E(A+F5+F5+ FFD)(A—L'B)+)/+I‘(T+5+FG)+f(a+rzk)+rr(g+p)]’

V= e 2AYBAT + T(ST + DT + 2y + ) + T(6T + 1) + v+ 22 + T+ To) +
+ITQ2a + m+ T'2e + p) + k)]

(42)

Class II: V=e 2By = A(u+ W), A=eATEE(Q+Ov),

Il
®

=eB(m+ 01+ Qu+ QQv),

eB(—AQ + T + 2Qy + Q?v),

G =elB E(ﬁA+5)(A —iB) + a+m+f_z(y+9v)], %

g e‘iBE(QA+5)(A—iB)+ﬁ+Q(y+,u)+sz], )7=e‘AEA(A—iB)+y+Qv],
p=eA[-60+Q(-A0+1+2Qy) +p + Q22+ Qv)],

G=e472B[-50+ Q(-AQ+ T+ 2B) + 0 + Q*(u + 2y + Qv)],

& eAE(D+QS+§6+Q§A)(A—L'B)+e+n(n+a—m)+m‘z(y+u+m)],

g =e " B[—DO+ Q(—5Q - QAQ + 26 + p) + Q(—6Q + 0) + k + V?Qa + T + Q1) +
+Q028 + 7+ QQ2y + u) + Q).

Class IlI: k=e?4"Byx, p=eldp, G=e4?Bg, t=eBr, f=ePq,
7= €_2A+iBV, ‘[1 — e—A#’
5 —-A+2iBy & All : = -4 |1 ;
A=e A £€=e [ED(A—lB)+£],y=e [EA(A—lB)‘F]/],
~ __ iBl|l s . 5 __ —ipl1 .
a=ce [55(A—lB)+0(], B=e [55(A—lB)+ﬁ].
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In other work we will apply the material of this paper and from [1, 2] to obtain the NP equations,
and the spinor and NP versions of the Bianchi identities and Weyl-Lanczos equations.
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