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Abstract

The use of an arbitrary null tetrad generates a simple method to obtain the associated spinors to
Maxwell, Lanczos and Weyl tensors.
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1. Introduction

This work is continuation of [1] with the same notation and conventions. Here we consider the
spinorial aspects of an arbitrary second order symmetric tensor without trace:

E, =E EY, =0, (1)

v v ! v

with special emphasis in the Maxwell tensor T,, because it verifies (1) by the equivalence
between matter and energy, and the null mass of the photon [2, 3].

Besides we deduce the associated spinor with the Lanczos potential K,,. verifying the
symmetries [4]:

K..=-K K' =0, K. .+K_ +K_ =0, )

L v ! oy e VELN ELV
whose existence in all spacetimes was proved by Bampi-Caviglia [5] and llige [6].
The conformal tensor has the properties [7]:

Covap = ~Couap = ~Cuvpar Cu'p =00 Cuvap + Cuapy T Cupre =0, (3)

and the Lanczos spintensor is its generator [8]; here we determine the corresponding Weyl
spinor.
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The present analysis is based in an arbitrary null tetrad of Newman-Penrose (NP) [7, 9, 10] at an
event of the spacetime, hence our study is algebraic. The differential aspects of the Maxwell,
Lanczos, and Weyl spinors will be considered in another paper with the intimate relationship
between K., and the conformal tensor.

We note that a better understanding of the Lanczos potential permits to know more about the
Liénard-Wiechert field, for example, to obtain the physical meaning of the Weert generator [11,
12] and to construct [13] a Petrov classification [7, 14] for the electromagnetic field produced by
a point charge in arbitrary motion. The Lanczos spintensor is known for arbitrary types O, N and
Il 4-spaces [15], Kerr geometry [16], Godel cosmological model [16, 17], plane gravitational
waves [16, 18], and several spacetimes [19-21] of interest in general relativity. The deduction of
K, for arbitrary types I, Il and D is an open problem.

2. Second order symmetric tensor without trace

Here we consider an arbitrary real tensor E,,, verifying (1). The real orthonormal tetrad e,,* [1]
permits to introduce the symmetric tensors:

Ql:_;l':l,l_,w = el:_;f}'u el:_;l':n-' Ll _-iI = Dr we 3; Ql:q.:l'l_,u.l = e(l}},u *® e(l}p ’ Q(E},l_,w = el:l}},u ® e(::.p ) (4)

Qeyr = * €3pvy  Qimww = Cw *€2vy Qo = 8np*Capw .y Yom = 8mp ™
E(av

with the notation:

A, *B,=A,B, +AB,, (5)
hence:
E,l.,u-' =2 E_?=I} q_;' Ql:j},l_,w . (6)
The condition of null trace implies:
qD=Q1+q2+qar (7)

therefore in four dimensions E,,, has nine independent components.

The orthonormal tetrad has connection with the null tetrad of Newman-Penrose (NP) [1, 7, 9, 10,
20-24]:

V2 oy = by T V2 €y = My T M, , V2 €n)u = 1 [mﬂa - Tﬁ.u)’ V2 e = Ly — My, (8)
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thus (6) adopts the form:

E. =(qo+4q3+2q.)L1, + (g, + 93 — 2q.)n,n, + (g, — q, + 2iq;)m,m,
+ (g, — g, — 2iq;)m,m, +

+(qo—qa)l, *n, + (g + q)m, =M, + [q.+ g +1 (gs + q5)]l, *m, + ©)

+lgs +q; — (g5 + Q'I}Ili# e, + [qs — g5 +1(g5 — Q'l}:]]ﬂ# =m, +[qs— gz —ilgs—
gs)]n, =m, .

If we establish the following order for the NP’s tetrad:
(Ziayu) = (L, omy omy,m,), a=1,..4, (10)
then the projections of E,, onto null tetrad can be written in a compact manner in according to:

E':rz}(b} = E,'..'.'lr' z(rz}# z(b}v ’ (11)
hence from (9):

—2 @4, = Eiyye) = Go T 93 — 245, — 2@y =-2@,, = Eiyem
=—qy+ gz +i(gs —qs),

2@y = 2Py = Eigymy = @1~ 42— 2147, — 2@y = Epqyp) T Eiyay =4 — 43 =
q:+4q;. (12)

—2 @4, = Eigy) = qo+ 43 T 24, —2®y, =-2@, = Eizypg) = —49a— gz +
i(gs+qs),

therefore:

E;w = 2[[5121‘?‘&# + ':I}lzﬁp) * ‘E’v + [Eﬂlimg + ¢Diﬁp) ¥n, — II:I::'ll['lga =, +m,u *ﬁv) -

_'i’::i#iv — ®yen,n, — -fbmm#mv - 'i’u:ﬁ#ﬁv] : (13)
where is simple to check the properties (1).
From [1] we know the associated spinors with (10):
I s o458 nt e A5 mt e od.F m* e Ao (14)
Prespacetime Journal www.prespacetime.com

Published by QuantumDream, Inc.



Prespacetime Journal| May 2015 | Volume 6 | Issue 6 | pp. 509-520 512
Lépez-Bonilla, J., Lépez-Vazquez, R., Morales, J. & Ovando, G., Maxwell, Lanczos & Weyl! Spinors

with o,t® = —o%, = 1; then it is easy to obtain the spinorial version of the symmetric tensors
into (13):

m, =L, (04 *t-)og0p . m, *1,: 040-(0p *15), M, *mn, : Lyt (0 ®tp)
m, *n, s (0% 1cdigty, Ll : o4000p0p, M, t glelgly , MM, E 040005t ,  (15)
Ly=n, +m, =m_ : (0 =1:)(05 *1p), M, M, Lyl 0g0p ,
hence [20]:
Escop = —2 Pacpp (16)
such that:

Duemp = tate [Pootatp — Por (05 *1p) + Ppp0505] + 0,0 [Pogtpty — Poy(og = 1p) +
®,,0505] — a7
—(og =1 )[@ypigtpy — Py (05 *15) + Py0505],

which permits to prove the symmetries [25]:

Pacep = Peasp = Pacps - Pacep = Papac ':I’AAE-.E-. =0, EI}AL‘B'E =0. (18)
From (12), (14) and (16) the NP components of E,,, acquire the form [20]:

— A . C o — A_C _E.D — A_C B D

_ AC _BD _ A _C B D _ ACE D
D= Purpp0t ofi , Dy =P ppt o 7, Doy = PurppttrL

Now, as a special case, we accept that E,, is the Maxwell tensor of the electromagnetic field

[3]:
o I‘. — o
Tow =Tou = —FE,%Foe + 5 0 » I, = FgFF (20)

pv Vi Vi

whose spinorial version gives:

LW

Tacep = f Sac®ep — Faswlc 5 (21)
but from [1] we have the relations:
Facop = @acfep + ac®ap»  Swfc” = 8ac,  Eawsp" = &ap, L= ‘F,F*, (22
‘PA_E‘PCB = %[@ED@EDJEAD ‘PED‘PED =2[®, P, — (¢'1jz] :%([1 +il),
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where @, is the Maxwell spinor [20]. Then (21) implies:
Tacep = 2@ac Pap . (23)
verifying the properties (18).
If into (23) we employ the expression [1]:
Pac = Potate — P10y *1c) + Py 0400, (24)
we obtain (16) and (17) with:
@, =—2.F,, (25)
for any Maxwell field.
Now we study two algebraic situations for an arbitrary electromagnetic field:

Non-null case

We take to I* and n* as the two principal null directions of the Faraday tensor [3, 22, 26, 27],
hence [1, 27, 28]:

b, =®,=0, &, ==(-A+i1), &8, ==JEZ+IZ, A= (-1, +8|d,%)=
0, (26)
T=I(L 480,007, e, 20, e=11, @ =@, @07 =
D04, gJAEt’E =—Dy1y,
and from (23):
Taczp = 2D9,®, (0, #1) (0g = 15) . (27)
whose tensorial version is immediate if we apply (15), in fact:
2 . o V=1 (72 Z - 1
T =2 |, | [i# £n, +m, Hml,) =2V IF + I (l# 1, —ng,) . (28)
because g,,, = I, *n, —m, =m, . Itis clear that:
T " =212,71,, T.,n' =2|®&,°n,, (29)
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therefore I, and =, also are proper vectors of the Maxwell tensor.
Null case
We select to I* as the 2-degenerate principal direction of F,, , then [3, 27, 28]:
L=5L=0, Py =%, =0, @ac0” =0, Pac = P2040¢ (30)

and (23) implies:
Tacop = 2 |¢2|29A9595-°D : (31)

hence from (15) its tensorial version has the structure [3, 29]:
T, =22, 17 L1,. (32)

Our analysis has immediate application to the Ricci tensor without trace, that is,

E,. =R, — :; G, » for the study of the Einstein’s field equations.

3. Lanczos spinor

The Weyl tensor is generated by the Lanczos potential [4, 8] satisfying the symmetries (2),

therefore K,,. has 16 independent components in four dimensions. In analogy with the

Faraday’s antisymmetric tensor, we introduce the dual tensor [1]:

_1 _
sf{#vﬂt = Eﬂ#vﬁ?}f K'E}rﬂ: - gﬁ.vm ' (33)
and it is simple to show that:
K“"P =0 = *KME + *f{vw + *f{wv =0, (34)
*K“ Pp =0 = K#vrr + err# + KEHF =0,

s,l.wrx = K,uvz +i $K,'..u*rx = _sw.ux ; (35)
with the auto-duality:
$5,l.wn: =—i Sf.,wﬂ: ! (36)

similar to the antisymmetric tensors [1, 7, 23]:
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V#v=l#xmv, U, =m,xn,, M#v=n#xlv+m#xﬁw (37)
where was used the Lowry’s notation [1, 30]:
A,xB,=AB, —AB,, (38)

because:
oo=—1 U

v Tt [Fet) [TREES v o ;

(39)

5V =0. (40)
The tensor (35) can be generated via the expression:

1 — —
Esgawr = T"Lv[ﬂ?in: + ﬂﬂﬂ’rx - ﬂﬂmrz - ﬂﬁmrxj + M#v (ﬂslrx + n1“:-1 + n'E|"""‘?‘1|'.1: - ﬂEmz] + (41)
+U#V (ﬂmirx + Oyn, +OQyym, —0.m sz

then the condition (40) gives:
0, =10,., g=-10,, 0,=10;, 0y, =-0,, (42)
and (41) adopts the structure:

Spvct =2 [ﬂ[ﬁuuvnct + ﬂl(_M;wnE - U#vmrz) + ﬂ!(_%vna - Mpvmct) - ﬂa%vmﬂ: -

0U,,m,+ (43)
+ Q5 (Upy b = M m*0) +Qg (M, 1 = Vi) + Q51,11
such that [20, 31]:
2y =Sw@m: 2T Sweie - 205 = Sz - 203 =S - (44)
20, =5m@m: 2T Swam: 2% =TSwamr 2% T Swa -
From [1] we know the spinorial transcription of (37):

Viw €3 040:8pp, Upw & LicEpp . M, < (04 *tc) 5p (45)
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whose application in (43) implies:
Sacesor = 2 Lacer 8p (46)

with the Lanczos spinor [20, 25, 32-34]:
Lacer = [Qotatets — Qi (gtc05 + (04 = 1) 1) + Qy(0400 1 + (04 * 1) 0g) — 03 050-05] 12+ (47)
N tytcte + 05 (yec0p + (04 t0) 1) — Dg(0 0005 + (04 *1c) 0g) + Q7 040-0] op ,

verifying the symmetries:

Lacer = Lecagr = Lagcr » LAA,_—p =0. (48)

The relation (46) is similar to Syrpp = 2 @4 £z for the Maxwell spinor [1, 28]. From (44),
(46) and (47):

= - = A, B C_D = 4B C_D =
ﬂD—LAEmaaooD, 0y =Lgepo”0 170", = Lprpo~t"t 0", (3=

L gcptiiBi€o®, (49)
— A_EB_C.D — A_B C 5O — A B ¢C D —
0y, =Ligrpo~00~t, O=Ligrpo”0” ", O.=Lgg-po”tt ™, 0,=
Lagen B P,
We can employ (46) to obtain the spinor association:
S,I.sz = 2 Earc LBDFE ’ (50)
with the notation:
Lgpre = Lepre = Lppre = Lerpe - (51)
The expression (35) gives the Lanczos potential:
— 1 -
K,uu*rx 3 [s,l.wrx + s,l.wrx ’ (52)
and its spinor version is immediate from (50) [20]:
Kacespr = Lacerep t 8aclopre = —Kcaepsr » (53)
such that:
1 1 :
Lacer = ;KACEBB P ESAEEBBF : (54)
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The Weyl-Lanczos equations [15, 20, 31, 33] permit to deduce the NP quantities (44) for a given
geometry, then the Lanczos generator is determined via (43) and (52). It is interesting to note that
in many spacetimes the components {1, » =0, ...,7 have relationship with the spin-coefficients

[15, 19, 21] associated to the corresponding Debever-Penrose vectors [7, 35].

4. Conformal spinor

The Weyl tensor C,,.z Verifies the symmetries (3), therefore it has ten independent components

in four dimensions. In analogy with (33), we shall work with its simple dual [23]:

Covap = %Wvdrchzﬁ == Couap =~ Cuvpa
such that
T“Pvﬁ =0 = Covap T Cuapy T Cupra =0,
G =0 ©  Cuapt Cuapy t Cupua =0

Thus it is natural to introduce the complex Weyl tensor:

S Covep +1°C ¢ —i5

wvaf wvaf wvaf pvaf

and (3) are equivalent to:

v =
5, o a.

The antisymmetric tensors (37) permit to write the expansion:

1
Espwrx,[? = I"Lv [11{’4 er,ﬁ‘ + 11'&2 Urx,[? + 11“:5! er,ﬁ‘) + Um* [:11'0'5 er,ﬁ‘ + % Urx,[? + 11EJ'1 er.ﬁ‘) +

+M,u1: [11&8 er,ﬁ’ + 11'9'6 Urx,'_? + 1'|‘I:J".'-' Mﬂ:,ﬁ’) Ll
but the condition (58) implies:

Y =Y, =y, Wy =Py . Py =1y,
hence (59) takes the form [7]:

(55)

(56)

(57)

(58)

(59)

5,!..11*5:,[? =2 [11{;[!- U,l..w Uﬂ:,E’ + wl (U,'AI-' er,[? + M,l.,w UEC,E) + 11&2 [M,uv er,[? + p,l:w Uﬂ:,[? + U,l_,w VG:,E’) + (60)

+11'U3 [V,I.WME,E‘ + M,uv Trl'rm:,[%‘) + 11{’41{1.;1-' VEE] !

where [9, 10, 14, 20, 31, 36]:
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P = Cry@mm » ¥ = Comme s ¥ = Comwa: ¥ = Cumee ¥ =
Conia - (61)

The spinorial transcription of (60) is evident via (45):
Saceceprn = 2 Wacee Eep (62)
with the Weyl spinor [7, 20, 25, 31, 37, 38]:

Warpe = Wolaletpte — Wy [tate (op = 1) + (04 = 1o )igtz ] + W [(0g = o) (0p * 1) + 0400151 + (63)
tiate0505] — Pglog0. (0g *15) + (04 * 1o )ogo ]+ P00 050, ,

which is totally symmetric and without trace:

Wacee = Weare = Wacce = Yasce - wACEG =0, (64)
besides [20]:
Yo = Yacgc0? 0 0%0", Yy = Yacgc0” 0t 0fi®, W = Yacpc 0?0 151%,  (65)
Y3 = Pacpco®1EIE, Py = YucpattCEE

From (62) we have the spinor association:

Spwep 7 Ear Fxc Weprn (66)

with the notation 55 = YspF5- 1he relation (57) gives the Weyl tensor:
1 [
C,'.,wrx,"} = 3 [s,l.,wrx,ﬁ’ + 5,'..11*1'1,'3’ )J' (67)

and with (66) we obtain its spinor representation:

Cacecepra = Wacec Sep fru + Sac Zec Yeorn (68)
such that:
1 1 . F
WYacee = ;CACEGBEF- = ESACEGBB;- : (69)

We note that, for empty 4-spaces, the existence of K,,. gives a simple proof of the relation [39,
40]:
1,‘."|'__g S#IJEES“PEE = (ﬁ.."f__gﬂ#:]:,u (70)
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where A* is certain tensor, which implies that the Lanczos invariants [41] CMEEC“"“-E and
“Cuap C***F are exact divergences [42-46].
Our analysis shows that the null tetrad of Newman-Penrose is an excellent platform for the

spinorial study of Maxwell, Lanczos and Weyl tensors, because it makes evident the symmetries
of the corresponding spinors.
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