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Abstract 

In this paper we studied canonical co-ordinate system (Ccs), standard co-ordinate systemfor ijg , 

special co-ordinate system (Scs) and the principal invariants in Scs in a narrow sense of 5V . 
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1. Introduction 

According to Takeno [2] the space time 4V  with metric 

                                                                                  

j
dxidxijgds 2

                          
(1.1) 

is spherically symmetric if    

0L ijg     (1.2) 

where L  denotes the Lie derivative with respect to the Killing vector i . 

Takeno has obtain the most general form of the s.s. line element in spherical polar coordinate 

 tr ,,,  as  

dtdrDC dt)dφθB (dθA drds 2222sin222    (1.3) 

Takeno has further reduced line element (1.3) in the s.s. coordinate system in a narrow sense  

)dφθB (dθdtdrDds 22sin222       (1.4) 

by the transformation of coordinate T. 

 

Karade T.M. and Thomas K.T.[4] have obtained the most general form of the s.s. line element in 

5V   as 

  GdtduFdrduEdrdtDduCdtdφθdθBAdrds 222sin 2222222  (1.5) 

whereA, B, C, D, E, F and G are the  functions of r , t and u, and   utrxi ,,,,  .                                
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Further Pokey s.s. and Thomas K.T.[3] has reduced the line element (1.5) into the form 

  2222222 sin DduCdtdφθdθBAdrds   (1.6) 

by transformation T method. 

Takeno has used the notation 0S to denote an arbitrary s.s. space time. In any 0S , a coordinate 

system, in which the metric is of the form (1.3), a s.s. coordinate system in a wide sense, and the 

system, in which the metric is of the form (1.4), a s.s. coordinate system in a narrow sense. 

 

Further Takeno denote 0S 's whose metric are given by (1.3) or (1.4) in which B is not constant by 

IS  while an 0S 's whose B is a constant by IIS . This classification of 0S 's into IS and IIS 's has 

an invariant meaning independent of the special choice of the co-ordinate system.  

 

In this paper use define Canonical co-ordinate system (Ccs), Standard coordinate system for ijg  

and special coordinate system (Scs) in narrow sense of 5V . Further we proved that, in Scs, when

0S  admitting Ccs and six of the principal invariants are zero, one is non-vanishing (negative) 

constant, then the 0S  is an IIS in 5V . 

 

2. Canonical co-ordinate system 

Line element of some 0S can be brought into the form 

  22222222 sin DduCdtdφθdθrAdrds   (2.1) 

where A , C and D are positive functions of r,  t and u. In such cases we call the s.s. co-ordinate 

system in which (2.1) holds a canonical coordinate system. 

Theorem: A necessary and sufficient condition that (1.5) can be brought into the form (2.1) by a 

transformation T is given by  

0ˆ0  BBorBB       (2.2) 

where a prime, dot and cap mean derivatives with respect to r, t and u respectively. 

Proof: Let the line element of an SI be given by (1.5) in which B constant. By non 

singulartransformation T (1.5) can reduced to EFG co-ordinate system given by, 

  GdtduFdrduEdrdtdφθdθBds 222sin 2222   (2.3) 

From the assumption, B is not constant. Then the condition for T which transforms (2.3) into 

(2.1) are 

Br                   (2.4) 

                                                                    0
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(2.4) and a non-constant solution t and u of (2.5) are to define a T satisfying the required 

conditions. 

(i) when (2.2) holds the solution of (2.5) satisfies 0,0 
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 and 0,0 
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and from 

these relation we have 
 
 

0
,,
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utr

utr
. Therefore the condition (2.2) is sufficient. 

(ii) when 0B  and 0ˆ,0  BB  i.e. when B = B(t , u), we have from (2.4) and (2.5), 

0
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0
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utr

utr
  i.e. we cannot obtain non-singular T. 

when 0B  and 0ˆ,0  BB  i.e. when B = B(r,u), we have from (2.4) and (2.5), 

0
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b Therefore 

 
 

0
,,
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utr

utr
  i.e. again we cannot obtain non-singular T. 

3. Standard co-ordinate system for ijg : 

Takeno has defined standard coordinate system for ijg  as, in a coordinate system, the s.s. line 

element be given by (1.4) and the following relation hold: 

                                                                         
0..0 5  fei                 (3.1a) 

or 

02 









B

BB

A

AB

C

CB
B


    (3.1b) 

We define standard coordinate system for ijg  in 5V  as follows: 

Let, in a coordinate system, the metric of  s.s. be given by (1.6) and the following relation hold: 

01715131197    (3.2a) 

or 
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01187654  ffffff  (3.2b) 

Now, we shall give an example of 0S  having a standard coordinate system for ijg . 

we consider a s.s. metric 

  2222222 sin DduCdtdφθdθBAdrds                 (3.3) 

Where 

 
 

 
  ueut
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Deut

ut
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ut
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ut
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3

3

3

32

,,,               (3.4) 

we observed that  87654 ,,,, fffff  and 11f  are not zero for above metric. 

(3.3) transformed by the transformation: 

uututtrr  ,,                  (3.5) 

Into 

  222222222 sin udutdetφdθθdrtrdtsd r     (3.6) 

for which we have 01187654  ffffff  

Thus new coordinate system is standard for ijg . 

 

4. Special co-ordinate system 

We define special co-ordinate system (Scs) in 5V  as follows: 

Let, in a co-ordinate system, the metric of an s.s. be given by (1.6) and the following relation 

holds : 

0171513                                (4.1a)                                   

or 

                                                                       0876  fff                   (4.1b) 

An example of 0S  having Scs is given below. we consider a s.s. metric in Ccs: 

                        22222222 sin DduCdtdφθdθrAdrds                 (4.2) 

Where 
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                   (4.3) 

for which 

0,0,0 171513    

(4.2) transformed by transformation: 
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uu
r

ut
trr 


 ,,                 (4.4) 

Into 

    22222222

2

1
sin2 udutd

tu
φdθθdrrdtursd 


  (4.6) 

for which we have 0171513    . 

Thus the new coordinate system is special co-ordinate system. 

 

5. Canonical co-ordinate system for IIS  

We call a coordinate system in which the line element of an IIS   is of the form (1.6) in which B 

= constant a canonical coordinate system of the IIS  . 

In canonical co-ordinate system for IIS   , we observed that, 01186541  ffffff  

Thus it is evident that we have : 

In Special co-ordinate system any IIS any canonical coordinate system is standard for ijg . 

 

6. Principal invariants in Ccs 

Theorem: In special coordinate system when 0S  admitting canonical coordinate system and six 

of the principal invariants are zero, one is non-vanishing constant, then the 0S  is an IIS  in 5V . 

Proof: In Ccs, the non vanishing components of curvature tensor ijklK  and 1921 ....,,    are 

given by
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From above we observed that, the following relations holds 

.,,,, 18171615141310987 
D

A

C

A

D

C

D

A

C

A
  

P. O. Bagde and K. T. Thomas [6] obtained the ten principal invariants in the special coordinate 

system for ijg  given below, 

   66221119543
, ,,,,,,,,,   s  

If 05   

we have 101
11

2









 A

Ar
 

so that 01413109871    and three of s,  become 0. 

Further if 0,0 62    

constantis00
2

CC
CAr

C



 , constantis00

2
DD

ADr

D



 

so that  01943   , 

which can not the case by virtue of the assumption. 

If  0,0 62   and .0,0,0 1943    

we have   .offunction isand0,020 22
3  t,ubabarCCCC   

  .offunction isand0,020 22
4  t,ugegerDDDD   

      2222222222 sin dugerdtbardφθdθrdrds   

where    0,0  ea  and fb, are function of t.  

   6622 ,,,,0,0,0,0,0,0    

where
   

constant. andconstant 62 






rfer

e

rbar

a
  

which is again inconsistent with the assumption. 
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Thus we have 05  , and then form the assumption we have following cases:  

0,0,0,0IV(c) Case

0,0,0,0IV(b) Case

0,0,0,0IV(a) Case

0,0,0,0III(c) Case

0,0,0,0III(b) Case

0,0,0,0III(a) Case

0,0,0,0II(c) Case

0,0,0,0II(b) Case

0,0,0,0II(a) Case

0,0,0ICase

19642

19632

6432

19641

19631

6431

19421

19321

4321

621









































 

If  r55   , then A also become function of r. 

 

Case I 0,0,0 621    

0,0,0  DCA  

Accordingly, 0,0,0 1943    

Thus we have, 

       1constant,,,sin 22222222  PduutDdtutCdφθdθrPdrds  

and   5,0,0,0,0,0,0,0,0,0    where 







 1

11

25
Pr

 constant. 

This is contradiction to the assumption. 

 

Case II(a) 0,0,0,0 4321   . 

0,0  CA  

Now   .offunction isand0,020 22
4  t,ugegerDDDD   

 
constant.

42

1
 andconstant

2

196 





















D

DD

CDrgerP

e 
  

       1constant,,sin 222222222  PdugerdtutCdφθdθrPdrds  

and   51966 ,,,,0,0,0,0,0,0    where 







 1

11

25
Pr

 constant ,

constant. andconstant 196    

This is contradiction to the assumption. 
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Case II(b) 0,0,0,0 19321    

0,0  CA  

  .offunction isand0,020 22
19  r,ulklktDDDD    

Now 












 




D

DD

PD 42

1 2

4  constant i.e. 4   is a function of  utr ,,  and 



rPD

D

2
6 constant.  

       1constant,,sin 222222222  PdulktdtutCdφθdθrPdrds  

and   5664 ,,,,0,0,0,0,0,0    where 5 constant , 4 constant and .constant6   

This is contradiction to the assumption. 

 

Case II(c) 0,0,0,0 19421    

00,0 3  CA  

Now   .offunction isand0,020 22
4  t,ugegerDDDD   

.constant
2

6 



rPD

D
  

       1constant,,sin 222222222  PdugerdtutCdφθdθrPdrds  

and   566 ,,,0,0,0,0,0,0,0    where 5 constant and .constant6   

This is contradiction to the assumption. 

 

Case III(a) 0,0,0,0 6431    

0,0  DA  

Now   .offunction isand0,020 22
3  t,ubabarCCCC   

constant.
1

 andconstant
2

13192 





 f
CDrCP

C
  

       1constant,,sin 222222222  PduutDdtbardφθdθrPdrds  

and   51922 ,,,,0,0,0,0,0,0   where 5 constant , 2 constant and .constant19   

This is contradiction to the assumption. 

 

Case III(b) 0,0,0,0 19631    

00,0 4  DA  

Now   .offunction isand0,020 22
3  t,ubabarCCCC   
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.constant
2

2 



rCP

C
  

       1constant,,sin 222222222  PduutDdtbardφθdθrPdrds  

and   522 ,,,0,0,0,0,0,0,0    where 5 constant and 2 constant . 

This is contradiction to the assumption. 

 

Case III(c) 0,0,0,0 19641    

0,0  DA  

Now   .offunction isand0,0ˆˆ̂
20 22

19  r,tnmnmuCCCC   

constant.
1

 andconstant
2

232 





 f
PCrCP

C
  

   5322 ,,,,0,0,0,0,0,0   where 5 constant, 2 constant and 3 constant. 

This is contradiction to the assumption. 

 

Case IV (a) 0,0,0,0 6432    

00,0 19  DC  

Now   0,020 22
3  qsqtAAAA   and s is a function of r, u. 

 1 constant. 

   511 ,,,0,0,0,0,0,0,0   where 1  constant and  5  constant. 

This is a contradiction.  

 

Case IV (b) 0,0,0,0 19632    

0,0  DC  

Now   0,020 22
3  qsqtAAAA   and s is a function of r, u. 

 1 constant , 4  constant 

   5411 ,,,,0,0,0,0,0,0   where 1  constant, 4  constant and  5  constant. 

This is a contradiction.  

 

Case IV (c) 0,0,0,0 19642    

0,0  DC  
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Now   0,0ˆˆ̂
20 22

4  vwvuAAAA  and w is a function of r, t. 

 1 constant, 3  constant 

   5311 ,,,,0,0,0,0,0,0   where 1  constant, 3  constant and  5  constant. 

This is a contradiction.  

 

Thus, if  r55   , we get contradiction. 

Consider 0ˆ,0 55    

Then from the assumption we have following cases: 

Case I 3 constant 0 , 4 constant 0 , 19 constant 0 and 0621   . 

Case II(a) 1 constant 0 , 3 constant 0 and 019642   . 

Case II(b) 1 constant 0 , 4 constant 0 and 019632   . 

Case II(c) 1 constant 0 , 19 constant 0 and 06432   . 

Case III(a) 2 constant 0 , 3 constant 0 and 019641   . 

Case III(b) 2 constant 0 , 4 constant 0 and 019631   . 

Case III(c) 2 constant 0 , 19 constant 0 and 06431   . 

Case IV(a) 3 constant 0 , 6 constant 0 and 019421   . 

Case IV(b) 4 constant 0 , 6 constant 0 and 019321   . 

Case IV(c) 6 constant 0 , 19 constant 0 and 04321   . 

Now 

Case I 3 constant 0 , 4 constant 0 , 19 constant 0 and 0621   . 

001  A , 002  C  and 0ˆ0ˆ5  A  































C

CA

A

AA

AC

 2

3
4

1

2

1
 constant. 

This is a contradiction. 

Case II(a) 1 constant 0 , 3 constant 0 and 019642   . 

002  C , 006  D  and 0ˆ0ˆ5  A  































C

CA

A

AA

AC

 2

3
4

1

2

1
 constant. 

This is a contradiction. 
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Case II(b) 1 constant 0 , 4 constant 0 and 019632   . 

002  C , 006  D  and 0ˆ0ˆ5  A  


ADC

DA

4
4


 constant. 

This is a contradiction. 

 

Case II(c) 1 constant 0 , 19 constant 0 and 06432   . 

002  C , 006  D  and 005  A  

00
4

04  D
ADC

DA 


 . 































D

DC

C

CC

CD

ˆˆˆ

4

1

2

ˆ̂
1 2

19 constant. 

This is a contradiction. 

 

Case III(a) 2 constant 0 , 3 constant 0 and 019641   . 

001  A , 0ˆ0ˆ5  A and 005  A i.e.A is function of r. 





































C

CA

C

C

A

AAC

AC

 22

3
4

1

2

1
 constant. 

This is a contradiction. 

 

Case III(b) 2 constant 0 , 4 constant 0 and 019631   . 

001  A , 0ˆ0ˆ5  A and 005  A i.e.A is function of r. 





rCA

C

2
2 constant. 

This is a contradiction. 

 

Case III(c) 2 constant 0 , 19 constant 0 and 06431   . 

001  A , 0ˆ0ˆ5  A and 005  A i.e.A is function of r. 





rCA

C

2
2 constant. 

This is a contradiction. 
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Case IV(a) 3 constant 0 , 6 constant 0 and 019421   . 

001  A  , 002  C , 0ˆ0ˆ5  A and 005  A i.e.  A is function of r. 































C

CA

A

AA

AC

 2

3
4

1

2

1
 constant. 

This is a contradiction. 

 

Case IV(b) 4 constant 0 , 6 constant 0 and 019321   . 

001  A  , 002  C , 0ˆ0ˆ5  A and 005  A i.e.  A is function of r. 


































C

DA

D

DD

AD

 2

4
4

1

2

1
 constant. 

This is a contradiction. 

 

Case IV(c) 6 constant 0 , 19 constant 0 and 04321   . 

001  A , 0ˆ0ˆ5  A and 005  A i.e.A is function of r. 





rAD

D

2
6 constant. 

This is a contradiction. 

Thus we get a contradiction when 0ˆ,0 55   . 

In the similar fashion we can prove the contradiction when 0ˆ,0 55   . 

Hence, 0S cannot be IS . 

 If six of the s,  are zero and one is a non-vanishing (negative) constant, then, 0S is an IIS . 

 

Conclusion 

In special coordinate system any IIS any canonical coordinate system is standard for ijg . In 

special coordinate system when 0S admitting canonical coordinate system and six of the principal 

invariants are zero, one is non-vanishing constant, then the 0S is IIS in 5V  . 
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