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Abstract
In this paper we studied canonical co-ordinate system (Ccs), standard co-ordinate systemfor g;; ,

special co-ordinate system (Scs) and the principal invariants in Scs in a narrow sense of Vs.
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1. Introduction
According to Takeno [2] the space timev, with metric

ds® = gijdxidxj (1.2)
is spherically symmetric if
Lg gjj =0 (1.2)
where L+ denotes the Lie derivative with respect to the Killing vector g

Takeno has obtain the most general form of the s.s. line element in spherical polar coordinate
(r,0,¢,t)as

ds? =—Adr?— B (92 +sin?0 dp?)+Cdt?+2Ddrdt  (1.3)
Takeno has further reduced line element (1.3) in the s.s. coordinate system in a narrow sense
ds? =2D drdt— B (92 +sin0 dg?) (L4)
by the transformation of coordinate T.

Karade T.M. and Thomas K.T.[4] have obtained the most general form of the s.s. line element in
Vg as

ds? =—Adr? —B(de2 +sin? 6 d¢2)+Cdt2 — Ddu® + 2Edrdt+ 2Fdrdu+ 2Gdtdu(1.5)
whereA, B, C, D, E, F and G are the functions of r, tand u, and x' =(r,6,¢,t,u).
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Further Pokey s.s. and Thomas K.T.[3] has reduced the line element (1.5) into the form

ds? =~ Adr? ~B[d6? +sin? 9 dy? }+Cdt? - Ddu? (L6)
by transformation T method.

Takeno has used the notation syto denote an arbitrary s.s. space time. In any Sg, a coordinate

system, in which the metric is of the form (1.3), a s.s. coordinate system in a wide sense, and the
system, in which the metric is of the form (1.4), a s.s. coordinate system in a narrow sense.

Further Takeno denote Sy's whose metric are given by (1.3) or (1.4) in which B is not constant by
S, while ansy's whose B is a constant by s, . This classification of Syp'sinto S;and s;'s has
an invariant meaning independent of the special choice of the co-ordinate system.

In this paper use define Canonical co-ordinate system (Ccs), Standard coordinate system for gj;

and special coordinate system (Scs) in narrow sense of V5. Further we proved that, in Scs, when
So admitting Ccs and six of the principal invariants are zero, one is non-vanishing (negative)
constant, then the Sp isan S, in vs.

2. Canonical co-ordinate system

Line element of some Sqcan be brought into the form
ds2 =~ Adr? ~r2(d6? +sin 0 dp? )+ Cd2 ~Ddu2  (2.1)

where A, C and D are positive functions of r, tand u. In such cases we call the s.s. co-ordinate
system in which (2.1) holds a canonical coordinate system.

Theorem: A necessary and sufficient condition that (1.5) can be brought into the form (2.1) by a
transformation T is given by

BB=0 or BB=#0 (2.2)
where a prime, dot and cap mean derivatives with respect to r, t and u respectively.

Proof: Let the line element of an Sl be given by (1.5) in which B =constant. By non
singulartransformation T (1.5) can reduced to EFG co-ordinate system given by,

ds? = —B(de2 +sin? 0 d¢2)+ 2Edrdt+ 2Fdrdu+ 2Gdtdu ~ (2.3)

From the assumption, B is not constant. Then the condition for T which transforms (2.3) into
(2.1) are

r=+B (2.4)
grot,orot_y (2.50)
or ot ot or
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orou orou_, (2.5b)

or du ou or

guot, ouot_ (2.50)

ou ot ot ou

i.e.

gl _g (2.5d)
ot or

g U gou_g (2.5e)
ou or

ou ot ou ot 0

(2.4) and a non-constant solution t and @ of (2.5) are to define a T satisfying the required
conditions.
(i) when (2.2) holds the solution of (2.5) satisfies % £0, a_tr +0 and Z_S 0, g_“; +0and from

a(r,t,0)
a(r,t,u)

(ii)whenB’ =0 and B =0, B =0 i.e. when B = B(t, u), we have from (2.4) and (2.5),

or _ Ot _ 99 _ ¢ Therefore o(r.L.0)

these relation we have

# 0. Therefore the condition (2.2) is sufficient.

=0 i.e. we cannot obtain non-singular T.

ar or or a(r.t,u)

whenB’ =0 and B=0, B=0 i.e. when B = B(r,u), we have from (2.4) and (2.5),

Ot _ 90 _ 9T _ 9% _ 4 Therefore o(r.t.0) =0 i.e. again we cannot obtain non-singular T.
ot ou ot au a(r,t,u)

3. Standard co-ordinate system for Gjj :

Takeno has defined standard coordinate system for gj; as, in a coordinate system, the s.s. line
element be given by (1.4) and the following relation hold:

y=0ie fg=0 (3.1a)
or
_op 4B BABE (3.1b)
C B

We define standard coordinate system for g;j; in Vs as follows:

Let, in a coordinate system, the metric of s.s. be given by (1.6) and the following relation hold:
ar=ag=ai1=a3=a5=017=0 (3.29)

or
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fp=fg="fg="F;=fg="01=0 (3.2b)
Now, we shall give an example of s, having a standard coordinate system for gj; .

we consider a s.s. metric

ds? = — Adr? —B(d92+sin29 d(p2)+Cdt2—Ddu2 (3.3)
Where
A:L,B:i,c: -’ +(t—u)ei, b —(t—u)ei+u (3.4)
t—u t-u (t-u)? (t-u)?

we observed that f4 , f5, fg, f7, fg and fy; are not zero for above metric.
(3.3) transformed by the transformation:

r=ft t=0+t,u=0 (3.5)
Into

ds2 = —t2dr2 ¢ 72(d52 +5in2d dp?)+ e o2 — a2 (3.6)

for which we have f, =f5 = fg = f; = fg = fi1 =0

Thus new coordinate system is standard for gj; .

4. Special co-ordinate system
We define special co-ordinate system (Scs) in Vs as follows:

Let, in a co-ordinate system, the metric of an s.s. be given by (1.6) and the following relation
holds :

a3=aq5 =017 =0 (418.)
or
fg=f7=1g=0 (4.1b)
An example of Sy having Scs is given below. we consider a s.s. metric in Ccs:
ds? =— Adr? - rz(dez +sin20 d¢2)+ Cdt? - Ddu? (4.2)
Where
A=r(2rt+3u), C=— " D=M (4.3)
2rt+3u 2rt+3u
for which
a13¢0,a15¢0, ary #0
(4.2) transformed by transformation:
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r:F,t:f_?U+,u:U (4.4)

Into

ds2 =—F(LT+2t')dF2—Fz(d§2+sin26_ daz)—;zfdfz—ﬁdﬁz (4.6)
u+

for which we have a3 =a15 =17 =0 .

Thus the new coordinate system is special co-ordinate system.

5. Canonical co-ordinate system for Sy

We call a coordinate system in which the line element of an s, is of the form (1.6) in which B
= constant a canonical coordinate system of the s, .

In canonical co-ordinate system for S;; , we observed that, f; = f4 = fg = fg = fg = f;1 =0

Thus it is evident that we have :
In Special co-ordinate system any S, any canonical coordinate system is standard for gj; .

6. Principal invariants in Ccs
Theorem: In special coordinate system when S, admitting canonical coordinate system and six

of the principal invariants are zero, one is non-vanishing constant, then the Sq isan Sy, in vsg.

Proof: In Ccs, the non vanishing components of curvature tensor Kjjq and oq,ap, ...aj9 are
given by

Y. (VY. ol L A_Z_i_ﬂ+£+£} )

2A 2 4 A C A C D
K1515=A—D"_£{A_2_D_’2_£+£+£ . S

2 4 A D_ A D D 2A

rA A 1] AA AC  AD ¢’ 1| Ac’ CD' Cc’
1225:ﬁ:f5’ K1.415:E._Z|:T+T+FJ:]¢6 Kuss=— -4+t T |°
K1545=E_1{DD, 0 CID}ZfS’ Kagas=—23% = rC'=f9, K2525=K3‘r’35=r—D'= f10.

2 4 D A C sin? 6 2A A9 ,Zsin,z, %A, o
o= K885 -y Kasm_p(La) i, K4545=D—C+1{C__D__9_£+9]=
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37 = Kif == it =gt G s = il e =t
K31 = Ksf® =g = fa KiF® =Ki$ =ag = o t5, Kad? =Kaf®=ano =0 s, Kij®=ana =5 0o,
G =eua =38 o 38" . i e =i o il =g

Kié4 — g = A__C f7, Kjr'g'5 =aq9 = é f13.

From above we observed that, the following relations holds

A A C A A
ar=—C%8 9= 0 M3=T A4 A5=TCAE AT =T A8

P. O. Bagde and K. T. Thomas [6] obtained the ten principal invariants in the special coordinate
system for g;; given below,
=2 =(a3, as, a5, 19, 1, a1, a2, @2, a6, )

If a5=0

we have 1 1—1 =0= A=1
re LA

so that oy = a7 = ag =ag = 19 = 13 =14 =0 and three of 4° become 0.
Further if ap =0, =0
c’ D’

——=0=C'=0=C s constanl, ——=0=D'=0= D is constant
2CAr 2ADr

so that a3 =ay =0g=0,

which can not the case by virtue of the assumption.

If ap#0,a5#0andaz=0, as=0,a19=0.

we have a3=0 = 2C"C-C'2=0 = C=(ar+b)?, a=0andb is functionoft,u.
as=0 =2DD"-D'?>=0=D=(er+g)’ ,e=0 and g is functionoft,u.

- ds? =—dr® - rz(de2 +sin? @ d(p2)+ (ar+b)?dt? — (er + g)? du?

where a(=0), e(=0) and b, f are function of t.

~{2}=(0,0,0,0,0,0, ., a3, 05, )

where a, = _a #constantandag = _® _ Lconstant
) (er+f)r

(ar+b)r

which is again inconsistent with the assumption.
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Thus we have o5 =0, and then form the assumption we have following cases:

Casel 06120,05220,0(620
Casell(@) a1 =0,a9 =0,a03 =0, 24 =0
Casell(b) a1:O,a2:0,a3:0, 0[1920
Casell(c) alzo,az =0,0(4=0, a19:0
Caselll(@) o1 =0,a3 =0,a4 =0, 2 =0
Case|||(b)a1=0,a3=0,a6:0, 0!19:0
Caselll(c) a1=0,a4=0,a6=0, a19=0
CaselV(a) ap =0,a3=0,a4 =0, ag =0
CaseIV(b) 0!220,0[320,0[6:0, 0!1920
CaseIV(c) a2=0,a4=0,a6=0, a19=0

If a5 =as(r), then A also become function of r.

Case | o =0,ap=0,a6=0
=A=0,C'=0,D'=0
ACCOFdingly, o3=0,04=0,019=0

Thus we have,

ds? =—Pdr? —rz(de2 +sin 0 d(p2)+ C(t,u)dt? - D(t,u)du® , (P =constant=1)

2

and {1}=(0,0,0,0,0,0,0,0,0, a5) wWhere as = i(%—lj #constant.
r

This is contradiction to the assumption.
Case l1(a) o1 =0,ap =0,03 =0, a4 =0.
=A=0,C'=0

NOW a4 =0 = 2DD"-D'? =0= D=(er+g)? , e=0 and g is functionoft,u.

e ~1(D D2
g = ————— =constant and a9 = ——| — — —— | #constant.
Pler + g)r CD| 2 4D

-.ds? =—Pdr? —rz(dH2 +sin? 0 d(/)z)-i- C(t,u)dt? —(er+g)>du® , (P =constant=1)

1(1
and{1}=(0,0,0,0, 0, 0, g, g, 119, @5) Where as = r—Z(E —1) #constant ,
o #constantand ey g #constant

This is contradiction to the assumption.
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Case ”(b)a1=0,a2 =0,a3=0, 119 =0
=A=0,C'=0
a19=0 =2DD-D? =0 = D=(kt+I} , k=0 and| is functionofr,u.

1 [Eﬂ D/2 ’

Now a4 = —| —-—— | constanti.e. a4 isa function of(r,t,u) and o5 = D”__, constant.
4 ®~2rPD

PD{ 2 4D

-.ds? =—Pdr? —rz(de2 +sin? 0 d¢2)+ C(t,u)dt? - (kt+1)?du® , (P =constant=1)
and {1}=(0,0,0,0,0, 0,4, ag, g, as5) Where ag =constant , a4 = constant and o =constant

This is contradiction to the assumption.

Case 11(C) o =0,a2 =0,04 =0, 19 =0
=A=0C'=0 =a3=0

NOW a4 =0 = 2DD"-D'? =0= D=(er+g) , e=0 and g is functionoft,u.

!

Lag = D constant
2rPD

~.ds? =—Pdr? —rz(dﬁ2 +sin® 0 dq)z)—i- C(t,u)dt? —(er+g)?du® , (P=constant«1)
and {1}=(0,0, 0, 0, 0, 0,0, 5, g, ax5) Where as =constant and ag #constant

This is contradiction to the assumption.

Case ll1(a) a1 =0,a3=0,a4 =0, ag =0
=A=0,D=0

NOW a3 =0 = 2C"C-C'?> =0 = C =(ar+h)?, a=0andb is functionoft,u.

’

2rCP

an = #constantandeg g = C__l; f13 =constant
-.ds? =—Pdr? - rz(de2 +sin? 6 dq)z)—i- (ar+bYdt? - D(t,u)du® , (P =constant=1)
and {1}=(0, 0,0, 0, 0, 0,ap, a2, ar1g, a5 )Where asg =constant , a» = constant and ¢ g #constant

This is contradiction to the assumption.

Case I11(b) o =0,a3=0,05 =0, 19 =0

=>A=0,D=0=a4=0

NOW a3 =0 = 2C"C-C'?> =0 = C =(ar+h)?, a=0andb is functionoft,u.
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!

as = #constant
2rCpP

-.ds? =—Pdr? —rz(de2 +sin® 6 d(p2)+ (ar+bYdt? - D(t,u)du® , (P =constantz1)
and {1}=(0,0,0, 0, 0, 0,0,a,, a5) Where as =constant and o, = constant .

This is contradiction to the assumption.

Case l11(c) &g =0,a4=0,05 =0, a19=0
=A=0, D=0
NOW a19=0 = 2CC-C2? =0 = C=(mu+n)?, m=0and n is function of r.t.

¢ #constantandag 1 fo =constant
2rCpP PC

) =
~{4}=(0,0,0,0, 0, 0,0, 0, 3, a5 )Where a5 = constant, a, = constant and a3 = constant.

This is contradiction to the assumption.

Case IV (a) ap=0,a3=0, a4 =0, ag=0

=C'=0,D'=0=mg=0

NOW a3 =0 = 2AA— A% =0 = A=(qt+sf, q=0 and sis a function of r, u.
.o #constant.

{1}=(0,0,0,0,0,0,0, aq, o, a5)Where g # constant and a5 = constant.

This is a contradiction.

Case IV (b) ap=0,3=0, a5=0,99=0

=C'=0,D'=0

NOW a3 =0 = 2AA—A? =0 = A=(qt+sf, q=0 and sis a function of r, u.

.o =constant , oy # constant

{1}=(0,0,0,0,0,0, a1, o1, 4 ,c5) Where oq = constant, a4 = constantand ag = constant.

This is a contradiction.

Case IV (C) ap=0,04=0, ag=0,19=0

=C'=0,D'=0

264
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NOW a4 =0 = 2AA- A2 =0 = A=(vu+w)*,v=0 and wis a function of r, t.

. oq #constant, az # constant

{1}=(0,0,0,0,0,0, o1, 1,23 , a5 )Where g # constant, a3 = constant and a5 = constant.

This is a contradiction.

Thus, if a5 =as5(r), we get contradiction.

Consider ¢g5+0,a5=0

Then from the assumption we have following cases:

Case | az=constant =0, a4 =constant =0, ;g =constant =0and o =ap =ag=0.
Case l1(a) op =constant =0, a3 =constant z0and ay =ay = ag =19 =0.
Case I1(b) o =constant =0, a4 =constant =0and ay =az=ag =a19=0.
Case l1(c) o =constant =0, a9 =constant =0and ap =az=a4 =ag =0.
Case I11(a) oy =constant =0, a3 =constant z0and o =ay =ag =a19=0.
Case I11(b) ap =constant =0, a4 =constant =0and o = a3 =ag =9 =0.
Case I11(c) ap =constant =0, a9 =constant =0and o =a3=a4=ag=0.
Case IV(a) az=constant =0, ag =constant =0and o =ap =ag =a19=0.
Case 1V(b) a4 =constant =0, ag =constant z0and o =ay = a3 =a19=0.
Case IV(C) ag=constant =0, ag=constant z0and o =as =az=ay =0.
Now

Case | ag=constant =0, a4 =constant =0, a9 =constant =0and o =ap =ag=0.

o =0=A=0, ap=0=C'=0 and é5=0=A=0

o
gt | _ALLAT L ACH constant.
AC| 274 'Aa C

This is a contradiction.

Case l1(a) og =constant =0, a3 =constant z0and ay =ay = ag =19 =0.

a=0=C'=0, ag=0=D'=0 and 45=0=A=0

. .2 . .
ag—— | _ALLAT AC T constant.
2 4 A C

This is a contradiction.
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Case I1(b) g =constant =0, a, =constant z0and oy =a3=ag=a19=0.
a=0=C'=0, ag=0=D'=0 and d5=0=>A=0
Say= __AD__ constant.

4ADC

This is a contradiction.

Case 11(c) og=constant =0, a9 =constant z0and oy =a3=ay =ag=0.

ap=0=C'=0, gg=0=>D'=0and a5 0= A=0

AD =0 = D=0.
4ADC

=ay=0=-

_i[. ¢ 1fc? cp
CD| 2 4| C

o9 = +=| — +F] # constant.

This is a contradiction.

Case I11(a) ay =constant =0, a3 =constant #0and o =ay = ag = a9 =0.

=0=>A=0, é5=0=A=0and a5=0= A=0 i.e.Ais function of r.

=a3

1[(c-A 1| A2 c? AC
A C

- +=| &=+ = |« constant.
AC| 2 4 [

This is a contradiction.

Case I11(b) ap =constant =0, a, =constant #0and o = a3 =ag =a19=0.

o =0=>A=0, é5=0=A=0and d5=0= A=0 i.e.Ais function of r.

’

oy =—S +constant.
2rCA

This is a contradiction.

Case I11(c) ap =constant=0, g =constant z0and og =a3 =04 =ag=0.

o =0=>A=0, é5=0=A=0and a5=0= A=0 i.e.Ais function of r.

Cr

ay = #constant.
2rCA

This is a contradiction.
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Case IV(a) az=constant =0, ag =constant =0and o =ap =ag =a19=0.

@ =0=>A=0,0p=0=C'=0,45=0=A=0and a5 =0=A=0 i.e. Aisfunction ofr.
1| A 1| A2 AC

= a3 =—| -——+=-| =+ | constant.
AC| 2 4 c

A
This is a contradiction.

Case IV(b) a4 =constant =0, ag =constant =0and o =ap =az=a19=0.

0 =0=>A=0,09=0=C'=0,45=0=A=0and a5 0= A=0 i.e. Aisfunction ofr.

1[[’5 1[D'2 AD

Sap=—— — + 2| [#constant.
AD C

This is a contradiction.

Case 1V(c) ag=constant =0, a9 =constant =0and og =y =az =ay =0.

o =0=A=0, é5=0=A=0and a5#0= A=0 i.e.Ais function of r.

2rAD

# constant.

ag =
This is a contradiction.

Thus we get a contradiction when ¢ #0,a5 =0.

In the similar fashion we can prove the contradiction when ¢5=0,45 #0.

Hence, Sycannot bes, .

- If six of the 2° are zero and one is a non-vanishing (negative) constant, then, Spisan Sy, .

Conclusion

267

In special coordinate system any S;; any canonical coordinate system is standard for g;j . In

special coordinate system when Sgadmitting canonical coordinate system and six of the principal

invariants are zero, one is non-vanishing constant, then the Spis Sy, in Vs .
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