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Abstract 
The main aim of this investigation is to study the dynamical aspects of a cosmological model 

with dark energy (DE) and an attractive massive scalar field as source in a five dimensional 

spherically symmetric space-time. An exact solution of the field equations of general relativity is 

obtained which represents a massive scalar field DE model in five dimensions. The cosmological 

parameters of the model are computed and their dynamical behavior is studied. It is noted that 

our model is a quintessence model which represents accelerated expansion of the universe and is 

in good agreement with the recent cosmological observation. 
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1.Introduction 

We live in this universe. Hence it is necessary to know about our universe.  There have been 

several modern cosmological observations to study the nature of the universe. The recent 

experimental study of type 1a supernova [1-2] and cosmic microwave background data [3] 

suggests that the universe is spatially flat and accelerating. It is supposed that this is because of 

the hither to unknown fluid with high negative pressure known as 'dark energy' (DE). Even today, 

it has been a challenging problem to explain DE which is driving the acceleration of the universe. 

The simplest candidate for DE is the cosmological constant. But this suffers from coincidence 

problem. Hence several DE models like quintessence [4] phantom [5] quintom [6], tachyon [7] 

and holographic models [8] have been considered. 

In recent years, scalar field DE models have been attracting several authors, in particular, in the 

presence of Brans-Dicke [9], Saez-Ballester [10] and Barber's [11] scalar fields. The following 

are some of the quintessence models obtained in Bianchi type space-times. Rao et al. [12] 

obtained a Bianchi type-II modified holographic DE model in Barber's second Self-Creation 

theory of gravity while Reddy [13] discussed Bianchi type-V modified holographic Ricci DE 

models in Saez-Ballester scalar tensor theory of gravitation. Reddy et al. [14] investigated 
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minimally interacting Kaluza-Klein holographic DE model in the presence of Brans-Dicke scalar 

field while Kiran et al. [15,16] have presented Bianchi type minimally interacting holographic DE 

models in Brans-Dicke and Saez-Ballester theories of gravitation. Also Rao et al. [17] obtained 

five dimensional FRW modified holographic Ricci DE model in Saez-Ballester scalar tensor 

theory. Very recently Aditya and Reddy [18] have investigated FRW type Kaluza-Klein modified 

holographic DE models in Brans-Dicke theory.  

Very recently, investigation of DE models in the presence of scalar-meson fields is attracting 

many researchers. It is well known that the scalar meson fields are of two categories, namely, 

zero mass and massive scalar fields. Mass less scalar fields describe long range interactions while 

massive scalar fields represent short range interactions. Massive and mass scalar fields along  

with different physical sources have been investigated by various authors [19-23]. Attractive 

massive scalar fields play a vital role in the discussion of scalar field DE cosmological models. 

Hence,  Reddy [24] obtained Bianchi type-V DE model with zero mass scalar fields. Naidu [25] 

presented Bianchi type-II modified holographic Ricci DE model in the presence of massive scalar 

field. Aditya and Reddy [26] have investigated Bianchi type-III massive scalar field DE model 

while Reddy et al. [27] discussed Kantowski-Sachs DE model in the presence of anisotropic DE 

fluid. Also, five dimensional Kaluza-Klein DE model with zero mass scalar fields has been 

presented by Reddy and Ramesh [28]. Reddy and Ramesh [29] discussed inflationary 

cosmological model with flat potential in the presence of mass less scalar field. Recently, Naidu 

et al. [30] have obtained a DE model with massive scalar field in Bianchi type-V space-time.  

Here our main interest is to explore higher dimensional DE models with massive scalar fields as 

source. The significance of the higher dimensional space-time in the discussion of early stage of 

evolution of the universe is well known. This is because of the fact that the cosmos in its early 

stages might have had higher dimensional era before the universe has undergone compactification 

transition. Several authors, therefore, have been attracted to this subject and obtained five 

dimensional cosmological models [31-35]. In particular, Samantha and Dhal [36] have obtained a 

new class of higher dimensional cosmological models in f(R,T) gravity [37]. Rao and Jayasudha 

and Raju et al. [38-40] have discussed five dimensional spherically symmetric cosmological 

models in Brans-Dicke and Saez-Ballester theories of gravitation. 

Inspired by the above investigations and the discussion, we propose to explore five dimensional 

anisotropic spherically symmetric cosmological model in the presence of DE fluid and massive 

scalar field. Following is the scheme of this paper: Section 2 deals with the metric and 

corresponding field equations. In sec.3 we obtain the solution of the field equations and present 

the cosmological DE model in five dimensions. Sec.4 is devoted to the discussion of 

cosmological parameters. The last section contains conclusions. 
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2. Metric and Field Equations 
 

Five-dimensional spherically symmetric anisotropic space-time is described by the metric  

 
2 2 2 2 2 2 2 2 2( sin )ds dt e dr r d r d e d            (1) 

Here and   are functions of time t  and the fifth coordinate   is considered space-like [41]  

The non-vanishing components of Einstein tensor for the metric (1) are  
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    (2) 

where an overhead dot indicates differentiation with respect to t . 

Einstein's field equations in the presence of DE fluid and massive scalar field are written as  

  
(de) (s)

ij ij ij ij

1
R g R (T T )

2
           (3) 

Here ( )de

ij
T is the energy momentum tensor of DE given by  

  
(de)

ij i j ijT ( p )u u p g             (4) 

and  

  (s ) ,k 2 2

ij ,i , j ,k

1
T ( M )

2
              (5) 

where   is the massive scalar field which satisfies the Klein-Gordon equation. 

  
ij 2

;ijg M 0        (6) 

M is the mass of the scalar field  , p  and  are DE pressure and DE density respectively. 

Also, comma and semicolon denote ordinary and covariant differentiation respectively. 

(Gravitational units are used so that 8 G c 1   ). 

The energy momentum tensor of DE given by eq. (4) can be parameterized as 

 (de)

ij deT diag 1, , ( ), ( ) ( )                        (7) 

where  
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p




 


           (8) 

is the equation of state (EoS) parameter of DE and  , ,    are the skewness parameters which are 

the deviations from  along y, z and  axes respectively. 

Now using co moving coordinates and equations (2),(3),(5) and (7) the Einstein field equations 

for the metric (1) can be written as        

 

2
2 2 23

4 2 2

M


  



   
      

 
                  (9) 
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The energy conservation equation, ;
0ij

j
T   gives 

    3
1 0

2

 


  

      
 
 

       (14) 

The Klein-Gordon equation (6) becomes 

  23
M 0

2

 
        

 
 

       (15) 

where an overhead dot denotes differentiation with respect to time t 
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For the space-time given by Eq. (1), we define the following cosmological parameters which will 

be useful in solving the field equations (9) - (15) 

The average scale factor a(t) and the spatial volume V are given by 

  
3

4 2V a (t) e

 


          (16) 

Generalized Hubble parameter is  

  
1 3 1

H
4 2 2

     
 

        (17) 

The scalar expansion  , shear scalar 2  and the average anisotropy parameter are  

  i

;i

3 1
u 4H

2 2

 

             (18) 

  
2 2 2

2 ij
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   

                  (19) 

  

24
i

h

i 1

H H1
A

4 H

   
 

         (20) 

where i
H (i 1,2,3,4)  represents directional Hubble parameters. 

The deceleration parameter is  

  
d 1

q 1
dt H

     
 

        (21) 

 

3. Solution of field equations and DE model 

 

From Eqs.(10), (11) and (12) we, immediately, obtain 

  0             (22) 

Using Eq. (22), Eqs. (9) - (15) reduce to the following independent equations: 
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  23
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       (26) 

[Eq. (14) being conservation equation]. 

Now, the field equations (23) - (26) are a system of four independent equations in five unknowns 

, , , and      . To obtain a determinate solution we use the relation between metric potentials 

given by [36,38] 

  k            (27) 

where k 0  is a constant. 

Using Eq. (27) in Eq. (26) we have 

  
23k 1

M 0
2

        
 

       (28) 

To reduce the mathematical complexity we have [22,23,29] 

  
3k 1

2


       

        (29) 

which amounts to a power law between average scale factor and the scalar field  . 

Now using Eq. (29) in Eq. (28) we get 

  
2 2

0 1

M t
exp t

2

 
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 
       (30) 
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From Eqs. (29) and (30) we obtain 

  

2 2

0 12 2

3 1

M t t

k

    
    

       (31) 

From Eqs. (27) and (31) we have 

   2 2

0 12 2
3 1

k
M t t

k

        
      (32) 

Here 0
  and 1

  are constants of integration. 

Now using Eqs. (31) and (32),in Eq. (1) the DE modelcan be written as 

 
 2 2 2 2 2 2 2 2 2 2

0 1

2 2
20 1

exp 2 2 sin
3 1

2 2
exp

3 1

k
ds dt M t t dr r d r d

k

M t t
d

k

                    

    
   

  (33) 

and the scalar field in  this model is given by Eq. (30). 

 

 

4.  Discussion of Cosmological parameters 
 

In this section we construct the cosmological parameters corresponding to the model (33) and 

discuss their physical significance. 

Spatial volume of the model is 

  

2 2

0 1exp
2

M t
V t

 
    

 
       (34) 

The average Hubble parameter is  

   2

0

1

4
H M t          (35) 

The scalar expansion is 

   2

0M t           (36) 

The shear scalar is  
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2

2
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  (37) 

The average anisotropy parameter is 

  

2
1

3
3 1

h

k
A

k

    
        (38) 

Now using Eqs. (30) - (32) in Eq. (23) we obtain DE density as 
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      2
2 2

2 02 2 2

0 0 12

( 1)
exp 2 2

(3 1) 2

M t Mk k
M t t M t

k

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 (39) 

Now using Eqs. (30) - (32) in Eq. (24) we get the EoS parameter of DE as 
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

            

   (40) 

where   is given by Eq. (39). 

 

From Eq. (24), (25) and (30) - (32) we obtain the skewness parameter   as 

  
  2

2 2

0

1 1

3 1

k
M t M

k

                 (41) 

where   is given by Eq. (39). 

The deceleration parameter is  

 

  

 
2

2
2

0

4
1

M
q

M t

 
   
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       (42) 

The jerk parameter is given by[42] 
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M

H

q
q

aH

a
tj                        (43) 

 

The model given by Eq. (33) describes five dimensional DE model with massive scalar field with 

the above cosmological parameters and the massive scalar field given by Eq. (30). It can be 

observed that the spatial volume of the universe increases exponentially from a finite value so 

that we have exponential expansion of the universe. The parameters 
2

, ,H    are finite at 0t   

and tend to infinity as .t   Also DE density   is always positive and increases with time. It 

can be seen that the EoS parameter is function of cosmic time 1    which implies that the 

model lies in the quintessence region. The skewness  parameter also increases with time. The 
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average anisotropy parameter is constant and is anisotropic throughout the evolution except when 

1.k   It is observed that the deceleration parameter 1q    at late times showing that our 

universe accelerates. In cosmology jerk parameter plays an important role in describing the 

models close to CDM and it is given by Eq.(43) It is believed that a transition of the universe 

from deceleration to acceleration occurs for models with negative values of q and positive values 

of j. At late times our model has q=-I and j=1. Thus our model represents accelerated expansion 

of the universe which is in accordance with the modern cosmological observations. 

 

 

5. Conclusions 

 

Five-dimensional anisotropic DE models are significant in the discussion of early stages of 

evolution of the universe. Scalar fields are useful in describing DE cosmological model. Hence, 

in this article, we have discussed an anisotropic DE model in the frame work of  five dimensional 

spherically symmetric space-time. It is observed that the model non-singular and there is an 

exponential expansion of volume from a finite value. The model represents a quintessence 

universe. It is also observed that our model represents an accelerating expansion of the universe. 

Thus all the results obtained are in good agreement with the recent exponential data. 

 

Received November 3, 2019; Accepted December 10, 2019 

 

References 
[1]  A. G. Riess et al. Astron. J. 116, 1009 (1998). 
[2]  S. Perlmutter et al.Astrophys.J. 517, 567(1999). 

[3]  C. L. Bennett et al. Astrophys. J. Suppl. Ser. 148, 1 (2003). 

[4]  P. J. Steinhardt et al. Phys. Rev. D. 59,123504 (1999). 

[5]  R. R. Caldwell Phys. Lett. B 545, 23 (2002). 
[6]  S. Nojiri et al. Phys. Rev. D. 71,063004 (2005).   

[7]  T. Padmanabham Phys. Rev. D.  66, 021301 (2002). [8]  M. R. Setare Phys. Lett. B, 654, 1 (2007). 

[9]  C. H. Brans and R. H. Dicke Phys. Rev. 124,925 (1961). 
[10] D. Saez and V. J. Ballester Phys. Lett. A 113, 467 (1986). 

[11] G. A. Barber Gen. Relativ. Gravit. 14, 117 (1982). 

[12] M. P. V. V. BhaskaraRao et al. Can. J. Phys. 94, 1314 (2016). 
[13] D. R. K. Reddy Can. J. Phys. 95, 145 (2017). 

[14] D. R. K. Reddy et al. Astrophys. Space Sci. 361, 386 (2016). 

[15] M. Kiran et al. Astrophys. Space Sci. 354, 577 (2014). 

[16] M. Kiran et al. Astrophys. Space Sci. 356, 407 (2015). 
[17] M. P. V. V. BhaskaraRao et al. Prespace time Journal 7, 1749 (2016). 

[18] Y. Aditya, D. R. K. Reddy Eur. Phys. J. C. 78, 619 (2018). 

[19] G. F. R. Ellis General Relativity and Cosmology Academic Press,  
        Academic Press, New York (1971). 

[20] G. Mohanty, B. D. Pradhan Int. J. Theor. Phys. 31, 151 (1992). 



Prespacetime Journal| December 2019 | Volume 10 | Issue 8 | pp. 1094-1103 

Reddy, D. R. K., & Raju, K. D., Dark Energy Model in a Five-Dimensional Space-Time with a Massive Scalar Field 

 
ISSN: 2153-8301 Prespacetime Journal 

Published by QuantumDream, Inc. 

www.prespacetime.com 

 

 

1103

[21] J. K. Singh, S. Ram Astrophys. Space Sci.236 (1996). 

[22] J. K Singh Nuovocimento B 120, 1259 (2005). 
[23] J. K. Singh, S. Rani Int. J. Theor. Phys. 54, 545 (2015). 

[24] D. R. K. Reddy  DJ  J. Engg. App. Math. 4, 13 (2018). 

[25] R. L. Naidu Can. J. Phys. 97, 330 (2018). 

[26] Y. Aditya,  D. R. K. Reddy Astrophys. Space Sci. 363, 207 (2018). 
[27] D. R. K. Reddy et al. J. Dyna. Syst. Geom. Theor. 17, 1 (2019). 

[28] D. R. K. Reddy, G. Ramesh Int. J. Cosmology. Astron. Astrophys. 1, 67 (2019). 

[29] D. R. K. Reddy, G. Ramesh Prespace time Journal 10, 301 (2019). 
[30] R. L. Naidu et al. J. Heliyondoi. org/ 10.1016/ j. heliyon2019. e01645. 

[31] A. Chodos and S. Detweller Phys. Rev. D 21, 2167 (1980). 

[32] T. Appelqunist, A. Chodos Phys. Rev. Lett. 50,141 (1983). 
[33] D. R. K. Reddy et al. Astrophys. Space Sci. 342, 245 (2012). 

[34] D. R. K. Reddy, R. L. Naidu Astrophys. Space Sci. 307, 395 (2007). 

[35] D. R. K. Reddy et al. Int. J. Theor. Phys. 47, 2966 (2008). 

[36] G. C. Samantha, S. N. Dhal Int. J. Theor. Phys. 52, 1334 (2013). 
[37] T. Harko et al. Phys. Rev. D, 84, 024020 (2011). 

[38] V. U. M. Rao, V. JayasudhaAstrophys. Space Sci. 358, 29 (2015). 

[39] V. U. M. Rao, V. JayasudhaAstrophys. Space Sci. 358, 8 (2015). 
[40] P. Raju et al. Astrophys. Space Sci. 361, 77 (2016). 

[41] P. S. Wesson Astron. Astrophys. 119, 1 (1983). 

[42]T.Chiba  T.Nakamura.Prog.Theor.Phys.100,1077(1998) 


