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Abstract 

In the paper, the linear codes over the ring 0,,, 22

444  vuuvvvuuvZuZZD are 

studied. A Gray map from nD to 3

4

nZ are defined. The Gray images of the cyclic, constacyclic and 

quasi-cyclic codes over D are determined. Especially, cyclic DNA codes over D are introduced. A 

nontrivial automorphism is given. The skew cyclic, constacyclic and quasi-cyclic are introduced. 

The Gray images of them are determined. Furthermore, the skew cyclic DNA codes over D are 

introduced. 

 

Keywords: Cyclic, constacyclic, quasi-cyclic, code, skew code, cyclic DNA. 

 

 

1. Introduction 

Although a lot of research on error correcting codes are concentrated on codes over finite fields, 

after Hammons et al's paper [20], a great deal of attention has been given to codes over the finite 

rings. The certain type of codes over many finite rings are studied such as cyclic, constacyclic, 

quasi-cyclic codes [7,12,13,15,23-27,29,33]. Their algebraic structure, Gray image, dual, rank, 

self duality properties were investigated. They were characterized. The generators of them were 

found. Many of good codes were obtained from them. 

 

Some authors generalized the notions of cyclic, constacyclic and quasi-cyclic code. They 

introduced skew cyclic,skew constacyclic and skew quasi-cyclic codes over many finite rings     

[ 3,4,6,9,10,11,14,17,21,32]. The class of these type codes is more bigger than the others. Many 

good codes were also obtained from them. 

 

DNA computing were started by Leonhard Adleman in 1994 [5]. Some special error correcting 

codes over some finite fields and finite rings with n4 elements where Nn were used for DNA 

computing applications. The construction of DNA codes have been discussed by several authors in 

[1,2,16,18,19,22,28,30,31]. 
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In this paper is organized as follows. In section 2, some knowledges about the finite ring 

444 vZuZZD  , where 0,, 22  vuuvvvuu are given. A new Gray map from D to 3

4Z  

is defined. The Gray images of cyclic, constacyclic and quasi-cyclic codes over D are found. A 

linear code C over D is represented by means of three codes over Z4 . In section 3, the constacyclic 

codes are investigated. The cyclic codes of odd length over D satisfy reverse and reverse 

complement properties are studied in section 4. The binary images of cyclic DNA codes over D are 

determined in section 5. In section 6, a non trivial automorphism is found on D. The skew 

cyclic,constacyclic and quasi-cyclic codes over D are introduced. The Gray images of them are 

determined in section 7. The skew cyclic DNA codes over D are introduced in section 8. 

 

 

2. Preliminares 

Let 444 vZuZZD  , where .0,, 22  vuuvvvuu  The ring D can be also viewed as the 

quotient ring .,,/],[ 22

4 vuuvvvuuvuZ    

Let d be any element of D , which can be expressed uniquely as vcubad  , where 

.,, 4Zcba   The ring D has the following properties: 
 

* The finite ring D is with 64 elements. 

* The units of the ring D are vuvuvuvu 223,221,32,32,21,21,3,1   

Let  ,D be a D -unit group,         ,,,, 444 ZZZD  , where  ,4Z  is Z4 -unit group. 

 

*The ring D has 27 ideals. The trivial ideals are 

Dv 



...2131

}0{0
 

 

The ideals with two elements are 

vuvu 222,2,2   

 

The ideals with four elements are 

vuvuvuvvuu 331,22,22,22,3,3   

 

The ideals with eight elements are 

vuvuvuvuvuvu

vuvuvuvuvuvu

232,22232,3133

,3331,32222,322,2




 

 

The ideals with sixteen elements are 
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vuvuvuvvvu

vvvuvuvuvu

vuvuuuuu

3331,32133123

232,3333

,23123313,322







 

 

The ideals with thirty two elements are 

vuvuvuvu

vuvvvu

vuvuuu







23323232

32333121

23321133

 

* D  is a principal ideal ring 

* D  is not a finite chain ring. 

 

 A code of length n  over D is a subset of nD . C is a linear iff C is an D submodule of 
nD . The elements of the code (linear code) is called codewords. 

 

 Let   ,,  be maps from nD  to nD  given by 

   
   
   2011

101

101

...,,,...,

,...,,,...,

,...,,,...,













nnn

nnn

nnn







  

where   is a unit in D . Let C  be a linear code of length n  over D . ThenC is said to be cyclic 

if   CC  ,  -constacyclic if   ,CC   negacyclic, if .)( CC    

 

 Let 
n

Za
3

4  with         ,||,...,, 210

1310 aaaaaaa n    
  ni

Za 4  for .2,1,0i  Let  

be a map from Z4
3n

to Z4
3n

given by            210 aaaa   , where   is a cyclic shift from 

Z4
n

toZ4
n

 given by
        

),(),(),((
1,0,1, iinii

aaaa
  

))(...,
2, ni

a  for every 
   

),...,(
1,)0,(  niii

aaa , 

where 
 

4

,
Za

ji  , .1,...,1,0  nj  A code of length 3n  over Z4 is said to be a quasi-cyclic code 

of index 3  if   .CC    

 

 The Lee weights of 43,2,1,0 Z  are defined by         .22,131,00  LLLL wwww   

 

 Let vcubad  be an element of D, then Lee weight of d is defined as

   ,,, cabaawdw LL  where .,, 4Zcba   The Lee weight of a vector   nDccc  10 ,...,  to 

be the sum of Lee weights its components. For any elements ,, 21

nDcc   the Lee distance 

between c1  and c2  is given by  2121 ),( ccwccd LL  . The minimum Lee distance of C  is 

defined as  ccdCd LL ,min)(  , where for any ., ccCc    
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For any    1010 ,...,,,...,   nn yyyxxx  the inner product is defined as  

ii

n

i

yxxy 





1

0

 

 If 0xy , then x  and y  are said to be orthogonal. Let C  be a linear code of length n  

over D , the dual of C   

 0,: 
xyCyxC  

 

which is also a linear code over D  of length n . A code C  is self orthogonal, if  CC  and 

self dual, if . CC   

 

 We define the Gray map as follows 

 cabaavcuba

ZD





,,

:
3

4

a
 

 

This map is extended componentwise to 

  ),...,,,...,,,...,(,...,

:

111111

3

4

nnnnnn

nn

cacababaaa

ZD






 

where 
iiii vcuba   with .,...,2,1 ni    is a Z4 -module isomorphism. 

 

Theorem 1 The Gray map   is distance preserving map from ( ,nD  Lee distance) to ( ,
3

4

n
Z  

Lee distance). 

 

Proof Let ),...,(),,...,( 1,20,221,10,11   nn zzzzzz  be the elements of Dn
, where 

2

,1

1

,1

0

,1,1 iiii vauaaz   and
2

,2

1

,2

0

,2,2 iiii vauaaz  , .1,...,1,0  ni  

Then  

),...,( 1,21,10,20,121   nn zzzzzz and )()()( 2121 zzzz   

So,       )).(),(()()()(),( 2121212121 zzdzzwzzwzzwzzd LLLLL    

 

Theorem 2 If C is self orthogonal, so is  .C   

 

Proof Let 
22221111 , vcubaxvcubax  , where .,,,,, 4222111 Zcbacba   

From ).()( 2112212121212121 cccacavbbabbauaaxx   Since C  is self orthogonal, so 

we have .0,0,0 21122121212121  cccacabbabbaaa   

From     0),,)(,,( 222221111121  cabaacabaaxx . Therefore  C  is self 

orthogonal. 

 

Proposition 3 Let   be Gray map from nD  to ,
3

4

n
Z  let   be the cyclic shift and let   be a 

map as above. Then .    
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Proof Let   .,..., 10

n

n Daaa    Let 
210

iiii vauaaa   where ,,, 4

210 Zaaa iii   for 

.1,...,1,0  ni  From definition  , we have 

),...,,,...,,,...,,()( 2

1

0

1

2

0

0

0

1

1

0

1

1

0

0

0

0

1

0

1

0

0   nnnnn aaaaaaaaaaaa  . 

By applying ,  we have  

).,...,,,...,,,...,,())(( 2

2

0

2

2

1

0

1

1

2

0

2

1

1

0

1

0

2

0

0

0

1   nnnnnnnnnn aaaaaaaaaaaa  

 

On the other hand,  201 ,...,,)(  nn aaaa  . If we apply  , we have  

),...,,,...,,,...,,())(( 2

2

0

2

2

1

0

1

1

2

0

2

1

1

0

1

0

2

0

0

0

1   nnnnnnnnnn aaaaaaaaaaaa  

 

Theorem 4 Let   and   be in section 2. A code C  of length n  over D  is a cyclic code iff 

 C  is a quasi-cyclic code of index 3  over 
4Z  with length .3n   

 

Proof Let C  be a cyclic code. Then   .CC   If we apply ,  we have     .CC    By 

using Proposition 3,        .CCC    Hence,  C  is a quasi- cyclic code of index 3. 

 

For the other part, if  C  is a quasi-cyclic code of index 3  , then we have    .)( CC   

By using Proposition 3, we have        .CCC    Since   is injective, we have 

  .CC    

 

Let A1 ,A2 , A3  be linear codes. 

}3,2,1,:),,{( 321321  iAaaaaAAA ii  

and 

}3,2,1,:{ 321321  iAaaaaAAA ii  

 

Definition 5 Let C  be a linear code of length n  over D . Define  

}, :{

}, :{

},, :{

43

42

41

CvcubaZbcaC

CvcubaZcbaC

CvcubaZcbaC

n

n

n







 

where 
21 ,CC  and 

3C  are linear codes over 
4Z  of length n  . 

 

Theorem 6 Let C  be a linear code of length n  over D . Then 321)( CCCC   and 

.321 CCCC    

 

Corollary 7 If 321)( CCCC  , then   .1 321 vCuCCvuC    
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Theorem 8 Let   3211 vCuCCvuC   be a linear code of length n  over D . Then C  is a 

cyclic code over D  if and only if 
21 ,CC  and 

3C  are all cyclic codes over Z4 . 

 

Proof It is proved that as in Proof of Theorem in [13]. 

 

Lemma 9 [8,15] Let n  be an odd positive integer and )(1
1

xfx i

r

i

n 


  be the unique 

factorization of 1nx , where )(),...,(1 xfxf r  are basic irreducible polynomials over .4Z   

Let C  be a cyclic code of odd length n  over ,4Z  then  

   )(2)()(2),( 1010 xfxfxfxfC   

where )(0 xf  and )(1 xf  are monic factors of 1nx  and ).(|)( 01 xfxf   

 If C  is a linear code of any length n  over Z4 ,  then there exist monic polynomials 

4)(),(),( Zxpxgxf   such that 

 )(2),(2)( xgxpxfC   

where ,1|)(|)( nxxfxg  )](/1)[(|)( xfxxpxg n   and .2 )(deg)(deg2 xgxfnC    

 

Theorem 11 Let   3211 vCuCCvuC   be a cyclic code of any length n  over D  there 

exist ][)(),(),( 4 xZxpxgxf iii  for 3,2,1i  such that  ,)(2),(2)( xgxpxfC iiii  then 

   
  )]).()()(1[2

)],()()(1[2)()()(1(

321

321321

xvgxugxgvu

xvpxupxpvuxvfxufxfvuC




 

If n  is odd, then   ))).(2)(())(2)(())(2)((1( 332211 xgxfvxgxfuxgxfvuC    

 

Proof It is proved that as in Proof of Theorem in [26]. 

 

Definition 12 A subset C  of nD  is called a quasi-cyclic code of length sln   with index l  if 

C  is satisfies the following conditions 

i) C  is a submodule of nD  

ii) if   Ceeeeeee lssll   1,10,11,10,11,00,0 ,...,,...,,...,,,...,  , then 

    CeeeeeeeT lssllssls   1,20,21,00,01,1,...,0,1, ,...,,...,,...,,  . 

 

Definition 13 Let 
nZa 3

4  with         ,,...,, 210

1310 aaaaaaa n    
  ni Za 4  , for .2,1,0i  Let 

  be a map from 
nZ 3

4  to 
nZ 3

4  given by 

           210 aaaa   

where   is the map from Z4
n

 to Z4
n

 given by 
        ))(),...,(),(( 2,0,1,  siisii aaaa  

for every 
      1,0, ,...,  siii aaa  where 

  lji Za 4

,  , 1,...,1,0  sj  and .sln   A code of length 
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n3  over 
4Z  is said to be l -quasi cyclic code of index 3  if   .CC    

 

Proposition 14 Let lsT ,  be the quasi-cyclic shift on D . Then  lsT ,  where   is as above. 

Proof Let  
1,10,11,10,11,00,0 ,...,,...,,...,,,...,  lssll eeeeeee  with jijijiji vcubae ,,,,  , where 

1,...,1,0  si  and .1,...,1,0  lj  We have  

   .,...,,...,,...,, 1,20,21,00,01,1,...,0,1,  lssllssls eeeeeeeT  

 If we apply ,  we have  

).,...,

,,...,,,...,,...,,...,())((

1,21,20,1

0,11,21,20,10,11,20,21,10,1,









lslss

slslssslsslssls

cac

ababaaaaaeT
 

On the other hand,  

).,...,

,,...,,,...,,...,,...,())((

1,21,20,10,1

1,21,20,10,11,20,21,10,1









lslsss

lslssslsslss

caca

babaaaaae
 

So, we have .,  lsT   

 

Theorem 15 The Gray image of a quasi-cyclic code over D  of length n with index l  is a       

l -quasi-cyclic code of index 3  over 
4Z  with length n3 . 

 

Proof Let C be a quasi-cyclic code over D of length n with index .l  So   ., CCT ls   By applying 

,  we have     ., CCT ls   By using Proposition 14,        ., CCCT ls   Hence, 

 C  is a l -quasi- cyclic code of index 3  over 
4Z  with length n3 . 

 

 

3. Constacyclic Codes over D 
 

We investigate   -cyclic codes over D , where   is unit. The ring D  has got eight units. They 

are .223,221,23,23,21,21,3,1 vuvuvuvu    

 

Theorem 16 Let   3211 vCuCCvuC   be a linear code of length n  over D . Then C  

is  v21 -cyclic code over D  if and only if 
1C ,

2C are cyclic codes and 
3C  is a negacyclic code 

of length n over .4Z   

 

Proof Let   n

n DC  10 ,..., , where   .10,,,,1 4  niZcbavcubavu iiiiiii

Then .),...,(),,...,(),,...,( 4101101101

n

nnn Zccrbbtaas    By the definition of the  v21

-cyclic shift ,  we have ),...,,)1(()( 20111   nnnn vcubavu  .  

Then ),...,,()(),,...,,()( 20112011   nnnn bbbtaaas   and ).,...,,()( 2011  nn cccr  That means 

of C  is )21( v -cyclic code of length n  over D , then 
1C , 

2C  are cyclic codes and 
3C  is a 

negacyclic code of length n  over .4Z  Other part is seen easily. 
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Similarly, it can be obtain the following 

 

 
 

 

4. The reverse and reverse complement codes over D  
 

In this section, we study cyclic codes of odd length over D  satisfy reverse and reverse 

complement properties. 

 

The elements 3,2,1,0  of 
4Z  are in one to one correspondence with the nucleotide DNA bases 

GCTA ,,,  such that CTA  2,1,0  and .3 G  The Watson Crick Complement is given 

by .,,, GCCGATTA    

 

Since the ring D is cardinality 34 , then we give a one to one correspondence between the elements 

of D and the 64 codons over the alphabet 
3},,,{ CGTA  by using the Gray map. For example 

 
 
 
 
 
 

MMM

TCT1,2,11

ATA0,1,0

GGG3,3,33

CCC2,2,22

TTT1,1,11

AAA0,0,00

CodonsimageGray Elements

u

u



 

The codons satisfy the Watson Crick Complement. 

 

Definition 17 For   ,,...,, 110

n

n Dxxxx    the vector  0121 ,,...,, xxxx nn   is called the reverse 

of x  and is denoted by .rx  A linear code C  of length n  over D  is said to be reversible if 

Cx r   for every .Cx   
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For   ,,...,, 110

n

n Dxxxx    the vector  110 ,...,, nxxx  is called the complement of x  and is 

denoted by .cx  A linear code C  of length n  over D  is said to be complement if Cx c   for 

every .Cx   

For   ,,...,, 110

n

n Dxxxx    the vector  0121 ,,...,, xxxx nn   is called the reversible complement 

of x  and is denoted by x rc .  A linear code C  of length n  over D  is said to be reversible 

complement if Cx rc   for every .Cx   

 

Definition 18 Let 
r

r xaxaaxf  ...)( 10  with 0ra  be polynomial. The reciprocal of 

)(xf  is defined as ).()( 1
x

r fxxf 
 It is easy to see that )(deg)(deg xfxf 

 and if 00 a , 

then ).(deg)(deg xfxf 
 )(xf  is called a self reciprocal polynomial if there is a constant m  

such that ).()( xmfxf 
  

 

Lemma 19 Let )(),( xgxf  be polynomials in ].[xR  Suppose mxgxf  )(deg)(deg  then, 

 i) )()())()(( xgxfxgxf     

 ii) )()())()(( xgxxfxgxf m     

 

Theorem 20 Let   3211 vCuCCvuC   be a cyclic code of odd length over D . Then C  

is reversible code if and only if 
21 ,CC  and 

3C  are reversible codes over 
4Z . 

 

Proof Let 
21 ,CC  and 

3C  be reversible codes. For any   ,1, 321 vbubbvubCb   where 

,ii Cb   for 31  i . Since 
21 ,CC  and 

3C  are reversible, 2211 , CbCb rr   and .33 Cbr   So, 

  Cvbubbvub rrrr  3211 . Hence C  is reversible code. 

 

On the other hand, let C  be a reversible code over D . So for any   3211 vbubbvub  , 

where 
2211 , CbCb   and ,33 Cb   we get   Cvbubbvub rrrr  3211 . 

Let     321321 11 vsussvuvbubbvub rrrr  , where 
2211 , CsCs   and .33 Cs   

Therefore 
21 ,CC  and 

3C  are reversible codes over 
4Z . 

 

Lemma 21 For any ,Dc  we have .333 vucc    

 

Lemma 22 For any ,Da  we have .303 aa    

 

Theorem 23 Let   3211 vCuCCvuC   be a cyclic code of odd length over D . Then C  

is reversible complement over D  iff C  is reversible over D  and .)0,...,0,0( C   

 

Proof Since C is reversible complement, for any CccccCcccc nn
rc

n   ),...,,(,),...,,( 021110
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Since C  is a linear code, so C)0,...,0,0( . Since C  is reversible complement, so 

C)0,...,0,0( . By using Lemma 21, we get  

Cccccccc nnnn

r   )0,...,0,0(3),...,,(),...,,(33 021021  

Hence for any Cc , we have .Cc r    

 

On the other hand, let C  be reversible code over D . So, for any Ccccc n   ),...,,( 110 , then 

Ccccc nn

r   ),...,,( 021 .  For any c C , 

Cccccccc nnnn
rc   )0,...,0,0(),...,,(3),...,,( 021021  

So, C  is reversible complement code over D . 

 

Theorem 24 Let 
1S  and 

2S  be two reversible complement cyclic codes of length n  over D . 

Then 
21 SS   and 

21 SS   are reversible complement cyclic codes. 

 

Proof Let .),...,,(,),...,,( 2

1

1

1

1

1

0211101 ScccdScccd nn    Then, 

 )(,)(,...,)()(
1

00

1

11

1

1121 ccccccdd nn

rc    

 

By using )1)(1(3 vubaba   we have 

 
   
  2121

1

0

1

101

1

00

1

11

)1)(1(3

,...,)1)(1(3),...,1)(1(3

)1)(1(3),...,1)(1(3

SSdvud

ccvucvuc

vuccvucc

rcrc

nn

nn











 

 

This shows that 
21 SS   is reversible complement cyclic code. It is clear that 

21 SS   is 

reversible complement cyclic code. 

 

 

5. Binary images of cyclic DNA codes over D 
 

The 2-adic expansion of 
4Zc  is )(2)( ccc    such that 0)()()(  ccc   for all  

4Zc  

0113

1102

1011

0000

)()()( cccc 

 

The Gray map is given by  
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 )(),()(

:
2

24

cccc

ZZ





a
 

for all 
4Zc  in [28]. We define 

  

 )(),(),(),(),(),(

),,(

)(

: 6

2

cacababaaa

cabaa

vcubavcubaOvcuba

ZDO











(
a

(

 

where   is a Gray map from D  to .
3

4Z   

 

Let vcuba   be any element of the ring D . The Lee weight 
Lw  of element of the ring D  is 

defined as follows 

),,()( cabaawvcubaw LL   

where ),,( cabaawL   described the usual Lee weight on 
3

4Z . For any Dcc 21 ,  the Lee 

distance dL  is given by ).(),( 2121 ccwccd LL    

 

The Hamming distance ),( 21 ccd  between two codewords 
1c  and 

2c  is the Hamming weight of 

the codewords .21 cc   Binary images of the codons; 

MMM

111111

101010

010101

000000









CCC

GGG

TTT

AAA

 

 

Lemma 25 The Gray map O
(

 is a distance preserving map from ( nD , Lee distance) to (
n

Z
6

2 , 

Hamming distance). It is also 
2Z -linear. 

 

Proof For nDcc 21 ,  , we have )()()( 2121 cOcOccO
(((

 . So, 

))(),(())()(())(()(),( 2121212121 cOcOdcOcOwccOwccwccd HHHLL

(((((
 . 

Hence, the Gray map O
(

 is distance preserving map. For 
2Z -linear, it is easily seen that 

)()()( 22112211 cOkcOkckckO
(((

 , where .,,, 22121 ZkkDcc n    

 

Proposition 26 Let   be the cyclic shift of nD  and   be the 6-quasi-cyclic shift of 
n

Z
6

2 . Let 

O
(

 be the Gray map from nD  to 
n

Z
6

2 . Then .OO
((

    

 

Proof Let 
n

n Dcccc   ),...,,( 110 , we have 
iiii vauaac 321  with 10,,, 4321  niZaaa iii

. 

By applying the Gray map, we have 



Prespacetime Journal| March 2019 | Volume 10 | Issue 2 | pp. 196-213 

Dertli, A. & Cengellenmis, Y., On the Codes Over the Ring Z4 + uZ4 + vZ4 Cyclic, Constacyclic, Quasi-Cyclic Codes, Their Skew Codes, 

Cyclic DNA & Skew Cyclic DNA Codes 

 

ISSN: 2153-8301 Prespacetime Journal 

Published by QuantumDream, Inc. 

www.prespacetime.com 

 

207 

.
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(

 

Hence  

.
)(),...,(),(,...,

)(),(),...,(),(),(),(
))((

13212121

1010121112111111


















nnnn

nnnnnn

aaaa

aaaaaaaa
cO





(

 

 

On the other hand, ),...,,,()( 2101  nn ccccc . We have  

.
)(),...,(),(,...,

)(),(),...,(),(),(),(
))((

13212121

1010121112111111


















nnnn

nnnnnn

aaaa

aaaaaaaa
cO





(

 

Therefore, .OO
((

    

 

Theorem 27 If C  is a cyclic DNA code of length n  over D then )(CO
(

 is a binary quasi-cyclic 

DNA code of length n6  with index 6 . 

 

Proof Let C  be a cyclic DNA code of length n  over D . So, CC )( . By using the 

Proposition 25, we have )())(())(( COCOCO
(((

 . Hence )(CO
(

 is a set of length 6n  over 

the alphabet 
2Z  which is a quasi-cyclic code of index 6. 

 

 

6. Skew codes over D 
 

We are interested in studying skew codes over D , in this section. Firstly, we define a nontrivial 

automorphism   on the ring D  as follows, 

bvucavcuba

DD





a

:
 

where .,, 4Zcba    

 

The ring },:...{],[ 1

110 NnDaxaxaaxD i

n

n  
  is called skew polynomial ring. The 

ring is a non-commutative ring. The addition in the ring ],[ xD  is the usual polynomial 

additional and multiplication is defined using the rule, .)())((
jiiji

xbabxax
   The order of the 

automorphism   is 2. 

 

Definition 28 A subset C  of nD  is called a skew cyclic code of length n  if C  satisfies the 

following conditions, 

 )i  C  is a submodule of nD , 

 )ii  If   Ccccc n  110 ,...,,  , then     Ccccc nn   )(),...,(),( 201    

 

Let 1)(  n
xxf  be an element in the set   1/,  n

n xxDS   and let  ,)( xDxr  . 
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Define multiplication from left as follows, 

1)()()1)()((  nn xxfxrxxfxr  

for any  ,)( xDxr  . 

 

Theorem 29 
nS  is a left  ,xD -module where multiplication defined as in above. 

 

Theorem 30 A code C  in 
nS  of length n  is a skew cyclic code if and only if C  is a left 

 ,xD -submodule of the left  ,xD -module 
nS . 

 

Theorem 31 Let C  be a skew cyclic code over D  of length n  and let )(xf  be a polynomial in 

C  of minimal degree. If )(xf  is monic polynomial, then ,)(xfC   where )(xf  is a right 

divisor of .1nx   

 

Definition 32 A subset C  of nD  is called a skew quasi-cyclic code of length n  if C  satisfies 

the following conditions, 

 )i  C  is a submodule of nD , 

 )ii  If   Ceeeeeee lssll   1,10,11,10,11,00,0 ,..,,...,,...,,,...,  , then 

    Ceeeeeee lssllssls   )(),...,(),(),...,(),(),...,( 1,20,21,00,01,10,1,,  . 

 

We note that 1sx  is a two sided ideal in  ,xD  if sm |  where m  is the order of  . So 

  )1/(, s
xxD   is well defined. 

 

The ring   lsl

s xxDR ))1/(,(    is a left   )1/(,  s

s xxDR   module by the following 

multiplication on the left ))()(),...()(())(),...,()(( 11 xgxfxgxfxgxgxf ll  . If the map   is 

defined by 
l

s

n RD  :  

  a1,10,11,10,11,00,0 ,...,,...,,...,,,...,  lssll eeeeee  ))(),...,(( 10 xcxc l  such that s

i

ji

s

i
j Rxexc 




,

1

0

)(  

where 1,...,1,0  lj  then the map   gives a one to one correspondence nD  and the ring l

sR . 

 

Theorem 33 A subset C  of nD  is a skew quasi-cyclic code of length sln   and index l  if and 

only if )(C  is a left 
sR -submodule of l

sR . 

 

Definition 34 Let   be an automorphism of D ,   be a unit in D , C  be a linear code .D  A 

linear code C  is said to be a skew constacyclic code if C is closed under the   -cyclic shift 
nn

DD :,  defined by 

))(),...,(),((),...,( 20110,   nnn ccccc    
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7. The Gray images of skew cyclic, quasi-cyclic and constacyclic codes over D 
 

Proposition 35 Let   be the skew cyclic shift on ,nD  let   be the Gray map from nD  to 

n
Z

3

4  and   be as in the preliminaries. Then   , where   is map such that 

),,(),,( yzxzyx   for .4

n
Zx   

 

Proof It is proved that as in the proof the Proposition 25. 

 

Theorem 36 The Gray image of a skew cyclic code over D  of length n  is permutation 

equivalent to a quasi-cyclic code of index 3  with length n3 . 

 

Proof It is proved that as in the proof the Theorem 26. 

 

Proposition 37 Let ls ,,  be the skew quasi-cyclic shift,   be as in the preliminaries,   be the 

Gray map from nD  to 
n

Z
3

4 . Then   ls,, , where   is map such that ),,(),,( yzxzyx   

for .4

n
Zx   

 

Proof It is proved that as in the proof the Proposition 25. 

 

Theorem 38 The Gray image of a skew quasi-cyclic code over D  of length n  is permutation 

equivalent to a l -quasi-cyclic code of index 3  with length n3 . 

 

Proof It is proved that as in the proof the Theorem 26. 

 

Proposition 39 Let  ,  be the  - -cyclic shift, let   be the Gray map from nD  to 
n

Z
3

4  and 

  be constacyclic shift. Then    , where   is map such that ),,(),,( yzxzyx   

for .4

n
Zx   

 

Proof It is proved that as in the proof the Proposition 25. 

 

Theorem 40 The Gray image of a skew constacyclic code over D  of length n  is permutation to 

the Gray image of a constacyclic code over D  of length n.   

 

Proof It is proved that as in the proof the Theorem 26. 

 

8. Skew cyclic DNA codes over D 
 

In this section, we introduce a family of DNA skew cyclic codes over D . We study its property of 

being reverse complement. 
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For all Dx , we have 

vuxx 333)()(   

 

Theorem 41 Let )(xfC   be a skew cyclic code over D,  where )(xf  is a monic polynomial 

in C  of minimal degree. If C  is reversible complement, the polynomial )(xf  is self reciprocal 

and .)333,...,333,333( Cvuvuvu    

 

Proof Let )(xfC   be a skew cyclic code over ,D  where )(xf  is a monic polynomial in C . 

Since   C0,...,0,0  and C  is reversible complement, we have  

  .)333,...,333,333(0,...,0,0 Cvuvuvu   

 

Let 
tt

t xxaxaxf  


1

11 ...1)( . Since C  is reversible complement, we have Cxf
rc )( . 

That is  

12
11

1

2

)332(...)332(

)333(...)333()333()(











nntn

t
tn

tnrc

xvuxaxaxvu

xvuxvuvuxf
 

 

Since C  is a linear code, we have Cvuxf
x

xrc n

 

1
1)333()( . This implies that  

Cxxvuaxvuax nntn
t

tn  


 12
11

1 ))333((...))333((  

 

By multiplying on the right by ntx 1 , we have  

Cxxvuaxvua tttt
t  
 )1()1())333((...)1())333((1 11

11   

By using vuaa 333  , for a D , we have 

Cxfxxaxaxa tt

tt  
 )(3...1 1

1

2

21  

 

Since )(xfC  , there exist  ,)( xDxq  such that )()()(3 xfxqxf 
. Since 

),(deg)(deg xfxf
  we have 1)( xq . Since )()(3 xfxf 

, we have )(3)( xfxf 
. So, 

)(xf  is self reciprocal. 

 

Theorem 42 Let )(xfC   be a skew cyclic code over D , where )(xf  is a monic polynomial 

in C  of minimal degree. If Cvuvuvu  )333,...,333,333(  and )(xf  is self 

reciprocal, then C  is reversible complement. 

 

Proof Let 
tt

t xxaxaxf  


1

11 ...1)(  be a monic polynomial of the minimal degree. Let 

Cxc )( . So, )()()( xfxqxc  , where ],[)( xDxq  . By using Lemma 18, we have 

).()())()(()( xfxqxfxqxc
   Since )(xf  is self reciprocal, so )()()( xefxqxc

  , where 

}0{\4Ze . Therefore )()( xfCxc 
. Let ....)( 10 Cxcxccxc t

t   Since C  is a 



Prespacetime Journal| March 2019 | Volume 10 | Issue 2 | pp. 196-213 

Dertli, A. & Cengellenmis, Y., On the Codes Over the Ring Z4 + uZ4 + vZ4 Cyclic, Constacyclic, Quasi-Cyclic Codes, Their Skew Codes, 

Cyclic DNA & Skew Cyclic DNA Codes 

 

ISSN: 2153-8301 Prespacetime Journal 

Published by QuantumDream, Inc. 

www.prespacetime.com 

 

211 

cyclic code, we get 

Cxcxcxcxxc n

t

tntntn   1

1

1

0

1 ...)(  

 

The vector correspond to this polynomial is  

Cccc t ),...,,,0,...,0,0( 10  

 

Since Cvuvuvu  )333,...,333,333(  and C linear, we have 

Ccvucvuvu

vucccvuvuvu

t

t





))333(,...,)333(,333...,

,333(),...,,,0,...,0,0()333,...,333,333(

0

10
 

 

By using vuaa 333  , for ,Da  we get  

Cccvuvuvu t  ),...,,333,...,333,333( 0  

which is equal to  rc
xc )( . This shows that    .)()( Cxcxc rcrc




   

 

 

9. Conclusion 
 

Firstly, the finite ring 0,,, 22

444  vuuvvvuuvZuZZD  is introduced. The cyclic, 

constacyclic, quasi-cyclic codes and their skew codes over D are studied. After a Gray map   is 

defined, the Gray image of them are determined. Moreover, the cyclic DNA and skew cyclic DNA 

codes over D are introduced. 
 

 

Received February 07, 2019; Accepted March 17, 2019 

 

References 
 

 ]1[  T. Abualrub, A. Ghrayeb, X. Zeng, Construction of cyclic codes over )4(GF  for DNA computing, J. 

Franklin Institute, 343, 448-457, 2006. 

 ]2[  T. Abualrub, I. Siap, Reversible quaternary cyclic codes, Proc. of the 9th WSEAS Int. Conference on 

Appl. Math., Istanbul, 441-446, 2006. 

  3  T. Abualrub, P. Seneviratne, On  -cyclic codes over 
22 vFF  , Australasian Journal of Com., 54, 

115-126, 2012. 

  4  T. Abualrub, A. Ghrayeb, N. Aydn, I. Siap, On the construction of skew quasi-cyclic codes, IEEE 

Transsactions on Information Theory, 56, 2081-2090, 2010. 

 ]5[  L. Adleman, Molecular computation of the solution to combinatorial problems, Science, 266, 

1021-1024, 1994. 

  6  M. Bhaintwal, Skew quasi-cyclic codes over Galois rings, Des. Codes Cryptogr., DOI: 

0.1007/s10623-011-9494-0. 

 ]7[  M. Bhaintwal, S. K. Wasan, On quasi-cyclic codes over ,qZ  AAECC, DOI: 

10.1007/s00200-009-0110-8, 20, 459-480, 2009. 



Prespacetime Journal| March 2019 | Volume 10 | Issue 2 | pp. 196-213 

Dertli, A. & Cengellenmis, Y., On the Codes Over the Ring Z4 + uZ4 + vZ4 Cyclic, Constacyclic, Quasi-Cyclic Codes, Their Skew Codes, 

Cyclic DNA & Skew Cyclic DNA Codes 

 

ISSN: 2153-8301 Prespacetime Journal 

Published by QuantumDream, Inc. 

www.prespacetime.com 

 

212 

 ]8[  T. Blackford, Negacyclic codes over 4Z  of even length, IEEE Transactions on Information Theory, 

49, 1417-1424, 2003. 

 ]9[  D. Boucher, W. Geiselmann, F. Ulmer, Skew cyclic codes, Appl. Algebra. Eng.Commun Comput., 

Vol. 18, No. 4, 379-389, 2007. 

  10  D. Boucher, P. Sole, F. Ulmer, Skew constacyclic codes over Galois rings, Advance of Mathematics 

of Communications, Vol. 2, 273-292, 2009. 

  11  D. Boucher, F. Ulmer, Coding with skew polynomial rings, Journal of Symbolic Computation, 

44,1644-1656, 2009. 

  12  Y. Cengellenmis, A. Dertli, S.T. Dougherty, Codes over an infinite family of rings with a Gray map, 

Designs, Codes and Cryptography, 72, 559-580, 2014. 

 ]13[  A. Dertli, Y. Cengellenmis, S. Eren, On the Codes over a Semilocal Finite Ring, Inter. Journal of 

Advanced Computer Science & Applications, 6, 283-292, 2015. 

 ]14[  A. Dertli, Y. Cengellenmis, S. Eren, On Skew Cyclic and Quasi-cyclic Codes Over 

,2

2

22 FuuFF   Palestine Journal of Mathematics, 4, 540--546, 2015. 

 ]15[  H. Q. Dinh, S. R. Ló pez-Permouth, Cyclic and negacyclic codes over finite chain rings, IEEE 

Transactions on Information Theory, 50, 1728-1744, 2004. 

 ]16[  P. Gaborit, O. D. King, Linear construction for DNA codes, Theor. Computer Science, 334, 99-113, 

2005. 

 ]17[  J. Gao, Skew cyclic codes over pp vFF  , J. Appl. Math. & Informatics, 31, 337-342, 2013. 

 ]18[  K. Guenda, T. A. Gulliver, P. Sole, On cyclic DNA codes, Proc., IEEE Int. Symp. Inform. Theory, 

Istanbul, 121-125, 2013. 

 ]19[  K. Guenda, T. A. Gulliver, Construction of cyclic codes over 
22 uFF   for DNA computing, 

AAECC, 24, 445-459, 2013. 

 ]20[  A. R. Hammons, V. Kumar, A. R. Calderbank, N. J. A. Sloane, P. Sole, The Z4 -linearity of 

Kerdock, Preparata, Goethals and related codes, IEEE Trans. Inf. Theory, 40, 301-319, 1994. 

  21  S. Jitman, S. Ling, P. Udomkovanich, Skew constacyclic codes over finite chain rings, AIMS 

Journal. 

 ]22[  J. Liang, L. Wang, On cyclic DNA codes over ,22 uFF   J. Appl. Math. Comput., DOI: 

10.1007/s12190-015-0892-8, 2015. 

 ]23[  S. Ling, P. Sole, On the algebraic structures of quasi-cyclic codes I: finite fields. IEEE Trans. Inf. 

Theory 47, 2751-2760, 2001. 

 ]24[  S. Ling, P. Sole, On the algebraic structures of quasi-cyclic codes II: chain rings. Des.Codes 

Cryptogr. 30, 113130, 2003. 

 ]25[  S. Ling, P. Sole, On the algebraic structures of quasi-cyclic codes III: generator theory. IEEE Trans. 

Inf. Theory 51, 2692-2000, 2005. 

 ]26[  P. Li, X. Guo, S. Zhu, Some results of linear codes over the ring ,4444 uvZvZuZZ   

arXiv:1601.04453v1, 2016. 

 ]27[  Maheshanand, S. K. Wasan, On Quasi-cyclic Codes over Integer Residue Rings, AAECC, Lecture 

Notes in Computer Science Volume 4851, 330-336, 2007. 

 ]28[  S. Pattanayak, A. K. Singh, On cyclic DNA codes over the ring 
44 uZZ  , arXiv:1508.02015v1, 

2015. 

  29  J. F. Qian, L. N. Zhang, S. X. Zhu,  u1 -constacyclic and cyclic codes over 
22 uFF  ,  Applied 



Prespacetime Journal| March 2019 | Volume 10 | Issue 2 | pp. 196-213 

Dertli, A. & Cengellenmis, Y., On the Codes Over the Ring Z4 + uZ4 + vZ4 Cyclic, Constacyclic, Quasi-Cyclic Codes, Their Skew Codes, 

Cyclic DNA & Skew Cyclic DNA Codes 

 

ISSN: 2153-8301 Prespacetime Journal 

Published by QuantumDream, Inc. 

www.prespacetime.com 

 

213 

Mathematics Letters, 19, 820-823, 2006. 

 ]30[  I. Siap, T. Abualrub, A. Ghrayeb, Cyclic DNA codes over the ring  1/][ 2

2 uuF  based on the 

delition distance, J. Franklin Institute, 346, 731-740, 2009. 

 ]31[  I. Siap, T. Abualrub, A. Ghrayeb, Similarity cyclic DNA codes over rings, IEEE, 

978-1-4244-1748-3, 2008. 

  32  M. Wu, Skew cyclic and quasi-cyclic codes of arbitrary length over Galois rings, International 

Journal of Algebra, 7, 803-807, 2013. 

 ]33[  S. Zhu, L. Wang, A class of constacyclic codes over pp vFF   and their Gray images, Discrete 

Math. 311, 2677-2682, 2011. 


