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Abstract
Bouncing behavior of Kaluza-Klein cosmological model has studied with viscous fluid by
considering different forms of scale factors. Some physical properties of the fluids which realize
them and the possibility to have acceleration after the bounce have discussed.
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1. Introduction

According to the modern cosmological picture, our universe experiences the cosmic acceleration
in the presence of strong repulsive force dubbed as dark energy (DE). The presence of this type
of force has been predicted through various cosmological and astrological data. [19-20, 31-35].
However, its nature is still unknown which need further attention. The cosmological constant is
the pioneer candidate of dark energy. The observations also indicate that the dark energy fluid in
the universe is not a perfect fluid [21] and the viscosity plays a role in the evolution of the
universe [5, 8, 13].

Various cosmological models for the evolution of the universe have been presented by number of
researchers. They aim at explaining the acceleration era of the universe and they include future
singularity phenomenon such as the dramatic Big Rip [11, 26-27], the other little Rip [4, 16-17],
the pseudo Rip [18], The Quasi Rip [39], the bounce cosmology [1-2, 7, 10, 30]. Brevik et al. [6-
7] has studied the little Rip and the pseudo Rip phenomenon, and also the bounce universe
induced by an inhomogeneous dark fluid coupled with dark matter. Myrzakul et al., Myrzakulov
and Sevatiani and Elizalde et al. [15, 24-25] have studied cosmological models in modified
theory of gravitation with viscous fluids.

In this paper, we discuss different bounce solutions and the features of the related viscous fluids,
taking into account the necessity to have a cosmic (inflationary) acceleration after the bounce.
The paper is organized as follows. In section 2, the formalism of inhomogeneous viscous fluid in
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Kaluza-Klein universe is presented. In section 3, we analyze the bounce solutions in fluids
cosmology. In section 4, the same investigations are carried out for the bounce solutions,
conclusions and remarks are given in section 5.

2. Metric and Field Equations

Five-dimensional Kaluza-Klein space-time is considered in the form

ds? = dt® — A%(t) (dx* + dy® + dz?) — B*(t)dy* , (1)
where A(t) and B(t)are scale factors which are functions of cosmic timet . The fifth coordinate
v is taken to be space-like.
The energy-momentum tensor for the viscous fluid is given by

Tij = puu; + p(uiuj - gij)! 2)
where u; are the four co-moving velocity vectors, p is the energy density and g is the metric
tensor.
The fluid in the universe is inhomogeneous viscous fluid with equation of state [12, 28-29] given
by

p=7(p)-B(aH,H,...), ©)
where the equation of state parametery may depend on p. B is a bulk viscosity which is general
function of a,H and its derivatives. a is the average scale factor.
From the equations (2) and (3), the energy-momentum tensor for the viscous fluid is given by

T; :puiuj+7(P)—B(a,H1H, ----- YU —9;) . 4)
The Einstein’s field equations in general theory of gravitation are
i 1 i i
Rj—5Ro; =-T;. ®)
With the help of equation (4) , the field equations (5) for the metric (1) are
A% _AB
3—+3—=p, 6
A2 + AB P ( )
A B A _AB
2—+—+—+2—=-p , 7
A B A° AB P 0
AR
3—+3—=-p, 8
Atz =P 8)

[
where an overhead dot( J represents differentiation with respect to t.

The energy-conservation equation, which is the consequence of the field equations is given by,
T4 =0,

Prespacetime Journal WWwWw.prespacetime.com
Published by QuantumDream, Inc.



Prespacetime Journal| December 2017 | Volume 8 | Issue 14 | pp. 1493-1508 1495
Ghate, H. R. & Patil, Y. D., Kaluza-Klein Bouncing Cosmological Model with Viscous Fluids

where
T = J_ax ( 'JJ_)+TJkr'

which simplifies to

p+4H(p+p)=0 )
Using equation (3), equation (9) reduces to
p+AHA+ y(p))p = 4HB(p,a,HH,....) . (10)

From the thermodynamic point of view, for positive entropy change in an irreversible process,
the bulk viscosity must be a positive quantity [5, 8].
The cosmological parameter Q is defined as:

1

The quantity Q in general, may be different from.
By a bouncing universe, we mean a universe that undergoes a collapse, attains a minimum and
then subsequently expands. For a successful bounce in Kaluza-Klein model, during contraction
phase the scale factor a(t) is decreasing i.e (a(t) <0) and then in the expanding phase, the scale
factor is increasing i.e (a(t)>0). At the bounce point (i.e. at t=t, ), the minimal necessary
conditions are

1) a(t,)=0 and

ii) &>0 for te(t,—t)U(t,,t,+<), for small e>0.
For non-singular bounce &(t)=0. These conditions may not be sufficient for a non-singular

bounce. This is well explained by Singh et al. [36-38].
The bounce behavior of cosmological model is also realized using energy conditions as
mentioned in Molina-Paris & Visser and Singh et al. [22, 38] . In terms of energy density p and

pressure p, the energy conditions can be stated as:
Null Energy Condition (NEC) is satisfied when p+ p>0.

Weak Energy Condition (WEC) is satisfied when p>0 and p+p>0.

Dominant Energy Condition (DEC) is satisfied when p>|p]|.

Strong Energy Condition (SEC) is satisfied when p+p=>0and p+4p=>0.
It is clear that violation of SEC will lead to a violation of other energy conditions.

3. Solution of the Field Equations

The field equations (6) to (8) are a system of three highly non-linear differential equations in four
unknowns A, B, o and y. The system is thus initially undetermined. We need one extra condition
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for solving the field equations completely. We assume that the expansion scalar (@) is
proportional to shear (o). This condition leads to

1(A B A B
| S+ =g |35+ = |,
J3lA B A B

which yields
B A
B A’
where a, and m are arbitrary constants.
Above equation on integration reduces to
B=n(A)",
where 7 is an integration constant.
Here, for simplicity and without loss generality, we assume that =1 .
Hence, we have
B=A". (12)
Collins et al. [14] have pointed out that for spatially homogeneous metric, the normal

congruence to the homogenous expansion satisfies the condition % is constant.

4. CASE |: FLUID MODEL WITH a(t) =/a; + g’

The bouncing cosmological model has obtained by choosing the average scale factor a(t) of the
form [23]

a(t)=./al + gt*, (13)
where a,, # are non-zero positive constants.

The above scale factor is the temporal analogue of the toy model traversable wormhole [23]. One
may get phenomenological quintom bouncing model with proper renormalization of a,, £ [9].
The Hubble parameter is given by

a £t
Ht)==——"—_. 14
® a a’+pt (14)
In terms of geometrical quantities, we have
a_ ., (Ba,)’
—=H+H’= i : 15
a " @+ p* %) (15)

For the metric (1), the average scale factor is given by
1
a(t) = (A°B)* . (16)
From equations (13) and (16), we have

Prespacetime Journal WWwWw.prespacetime.com
Published by QuantumDream, Inc.



Prespacetime Journal| December 2017 | Volume 8 | Issue 14 | pp. 1493-1508
Ghate, H. R. & Patil, Y. D., Kaluza-Klein Bouncing Cosmological Model with Viscous Fluids

= AB = (a+ 2 12)? .
With the help of equation (12), it reduces to

2

A=(a§ +ﬂ2t2)(m+3)

Using equation (18) in equation (12) therein

2m

B=(a+ g2 t?)m™2 .
With the help of equations (18) and (19), the metric (1) becomes

4m

4
ds? = dt? —(a2+ 2 t?)™3 (dx® +dy? + dz?) — (a2 + B t*) ™3 dy? .

1497

17

(18)

(19)

(20)

Equation (20) represents Kaluza-Klein bouncing cosmological model with viscous fluid in

general theory of relativity.

Some physical properties of the model

For the cosmological model (20), the physical quantities such as spatial volume V , Hubble
parameter H , expansion scalar #, mean anisotropy A, Shear scalar &, energy density p are

obtained as follows;

The spatial volume is in the form
V=a'=(@+pt?) .

The Hubble parameter is

. . 2
H:l 3A+E :% .
4\"ATB) @+ pD)

The expansion scalar is

2
(@, +4°t%)

The mean anisotropy parameter A, is
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_3(m-1)°

An = (m+3)?

= Constant =0 , for m=1. (24)

The shear scalar is

2 _ 6(m-1)° pt?
(m+3)%(a2 + g2 t2)? -

(25)

It is observed that

li 2 12
t':‘ %:Hio for m=1 . (26)
o0

. lim &2 L .
The mean anisotropy parameter A, and . 9_ —constant 0. Hence, the model is anisotropic
—> 0

0>

throughout the evolution of the universe, except at m=1 . (i.e. the model does not approach
isotropy.)

The matter-energy density is given by

48(m +1) g2
= 27
GG RCEVEDN 7
_ 24@Bm+Dpit 128° 28)
(M3 (ag + AT (M3)(@] + A
24 Bt 1232
_p= - , 29
PP @+ Ay (3@l AT *)
48(3m 1) B*t? 4887
4p = - : 30
PP 9@+ AT) (me3)a + A1) (30)
The cosmological parameter for the closed universe takes the form,
1
Q=1+W .
1 2
Q=1+?+ﬂ6}‘0tz : (31)
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Figures (4.1) (a), (b), (c), (d), (e), (f) represent the plots of time versus (a) Average scale factor
(b) Hubble parameter (c ) Energy density (p) (d) p+p () p—p and (f) p+4p which are as

shown below.
8
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Fig. 4.1 Plots of time versus (a) Average scale factor (b) Hubble parameter (c ) Energy density
(p) @ p+p () p—p () p+4pforthe values of constants 8, =1 and S =1.
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Discussion: Fig. (4.1) (a) is the plot of time versus average scale factor. It is seen that, during
contraction phase, the average scale factor a(t) is decreasing (i.e. a(t)<0) and then in the

expanding phase a(t) is increasing (i.e. a(t) > 0). Hence, the minimal necessary conditions (i)
and (ii) for the bounce at time ¢ =0 are satisfied [38].

()at)=0at t=0
and (ii)at t=0, d(t)>0 for te(0-¢,0)U(0,0+ <), where e is very small.
Fig. (4.1) (b) is the plot of time versus Hubble parameter. At t=0, H =0 and a(0) = a, with
H >0 in small neighborhood of t=0. Thus it satisfies the necessary conditions of bounce [36-
37].
To] realize the bounce in our model, let we obtain the values of p, p+p, p—pand p+4p for
m=2.

p=(676)5%" (a5 + f17) 2,

p+p=(6.72) %" (a5 + ft°) " —(2.4) (85 + B1°)

p—p=(48)' (a5 + t°) 7 +(24) 5% (ag + 7)™

p+4p=(96)"* (a5 + ft*) " ~(9.6) 5% (a5 + pt*)
Figs. (4.1) (c), (d), (e) and (f) are the plots of time versus energy density (p) p+p, p—p and
p+3p. Itis observed that WEC, NEC and DEC energy conditions are satisfied at t =0but SEC

is violated at t =0. Hence, the bounce is realized in our model at m=2. The result is also true
for m=4,6.
The bulk viscosity is

B(a,H,H,....)=4H¢ . (32)
In this specific case, equation (9), takes the form
p=—p+4HC . (33)

From equation (33), we have
24(3m+1) 42 125

ey T meaa 9
Dividing by 4H
C(Ha)= SGMHDH 36 | (35)

(m+3)*>  (m+3)Ha?

6(3m+1)H
(m+3)°

bulk viscosity of o(H). Therefore, with £(H,a) we can recognize bouncing universe with the

scale factor in equation (13).

When the scale factor becomes large, £(H) = and then we can treat it as a fluid with a
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In another example, we take y(p)=y (constant) and B(a,H,H,......)=4H¢ with ¢ =< p , where

e is a constant.

From equation (9), we have
p=—4H(p+p).

Using equation (3), we get
p=—4H(y(p)p-B(aH H,...)).

Since, ¢ =ep and B(a,H,H,...)=4H¢ ,we have p= 2 S
CRYSONE
pP= % 30— (36)
(ag + 471" 2

where, a, is a constant of integration.
Also, from equation (3) we get

p=y(p)p-B(aH,H,...)
Using »(p) =y = constant and B(a,H,H,.....)=4H¢ , we get

p=(r-4He)p.
The scenario with y = constant, ' =ep the energy density of the bouncing universe will
decrease with increasing time (provided, (1+ y > ) and also the bulk viscosity. For the large time
t,p will become negative.

5. CASE I1: FLUID MODEL WITH a(t)=a, (¢'+e™)

The bouncing cosmological model has been obtained by choosing the average scale factor a(t) of
the form [1]

at)=a (e'+e™), (37)
where the a , a are non-zero positive constants.
The Hubble parameter is given by

a a(eat_e—at)

H(t)=g=m. (38)

For the metric (1), the average scale factor is given by
1

at)=(A*B)4 . (39)
From equations (37) and (39) we have

A’B=a’(e” +e™)* (40)
With the help of equation (12), equation (40) reduce to
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4 4
A=am(e” +e )m3, (41)
Using equation (41), equation (12) leads to
4m 4m
= B=am3(e” +e )3 | (42)
With the help of equations (4) and(42), the metric (1) can be written as
8 8 8m 8m
ds? = dt? —am3 (e +e )™ (dx? + dy? + dz?) —am3 (e +e )™ dy 2. (43)

The equation (43) represents Kaluza-Klein viscous fluid cosmological model in general theory of
relativity.

SOME PHYSICAL PROPERTIES OF THE MODEL

For the cosmological model (43), the physical quantity such as spatial volume V , Hubble
parameter H , expansion scalar ¢, mean anisotropy A, shear scalar o, energy density p are
obtained as follows.

The spatial volume is in the form

V= af(eat + e—at)4 . (44)
The Hubble parameter is
A > at _ n-at
nolizA, B ZM- (45)
40 A B (e +e™)
The expansion scalar is given by
4a(e” —e™™)
O=4H="F—_7 46
(eat +e—at) ( )
The mean anisotropy parameter is given by
A, = 3(m-1° =Constant =0, for m=1 47)
(m+3)? ’ '

The shear scalar is
) _ 60.’2(m—1)2 (eat _e—at)Z

: 48
(m+3)2 (eat +e—at)2 ( )
It is observed that
lim &2 -1)?
G—2=3(m—1)2=Constant #0, for m=1. (49)
t>of° 8(m+3)
. . lim &2 .
The mean anisotropy parameter A, is constant and ) %7&0 is also constant. Hence the
—> 0

model is anisotropic throughout the evolution of the universe, except at m=1i.e. the model does
not approach isotropy.
The matter-energy density is given by
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_ 48a*(m+1) (e™ —e™™)?

50
(m+3)% (e™ +e )2 0)
12a?(5m-1) (e“ —e™™)* 12a°
th= ( 2 )ogt —at 2) h ’ (51)
(m+3)“ (e” +e™ ™) (m+3)
2 (pat _ q—aty2 2
_p= 36a° (e t e t)2+120¢ | (52)
(m+3)(e* +e*)° (M+3)
2 _ at _ -aty2 2
p4d =960{ (m 21)(<t3 7et 2) _ 48a . (53)
(m+3)° (e +e™*) (m+3)
The cosmological parameter for the closed universe takes the form:
1
Q:1+W.
Using (37) and (38), it simplifies to
Q-1+ LR (54)

a126¥2 (eat + e—at)

As t increases, after the bounce Q decreases due to the acceleration of the universe.

Figures (5.2) (a), (b), (c), (d), (e), () represents the plots of time versus (a) Average scale factor
(b) Hubble parameter (c ) Energy density (p) (d) p+p (&) p—p (f) p+4p which are as

shown below.

Discussion: Fig. (5.2) (a) is the plot of time versus average scale factor. It is seen that, during
contraction phase, the average scale factor a(t) is decreasing (i.e. a(f)<0) and then in the

expanding phase a(t) is increasing (i.e. a(t) >0). Hence, the minimal necessary conditions (i)
and (ii) for the bounce at time ¢ =0 are satisfied [38].

(a(t)=0 at t=0
and (ii)at t=0, da(t)>0 for t e(0—¢,0)U(0,0+ €), where < is very small.
Fig. (5.2) (b) is the plot of time versus Hubble parameter. At time t=0, H =0 and a(0) =2a,
with H(t)>0 in small neighborhood of t=0. Therefore, the above scale factor satisfies
necessary conditions for a non-singular bounce. With the above scale factor, we have a>0
before and after the bounce. [36-37].
To realize the bounce in our model, let we obtain the values of p, p+p, p—pand p+4p for
m=2.
(e ey’

=(5.76 ,
p ( )Cl (eat+e—at)2
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p+p=(432)x

p-p=(2)a

) (eat _e—at)Z
(eat +e—at)2 -

) (eat _e—at)Z

(eat +e—at)2

5 (eat _e—at)Z

(2.5)a?,

+(2.8)a’,

p+4p=(384)a’ ———=—(9.6)a’.
e“ +e™™)
s < 1.0{(b)
= 3.0{(2) =S
2 £ 0.51
<
P :
5 2.5 go.o-
& 2-0.5
5 2.0 =
Z = -1.0+
3 5 s 1359 6 4 0 369D
Time (t) Time (t)
6- 2
Q 54
= 21 14 (d
£5l© @
d & 0
2 +
2 2 %1
E 1'_ 24
S8 04 3
1209 5 30 26 9 0> WP g o 5 g 8 e g
Time (t) Time (1)
4.51
40{(© =0
2 3.5- +
+
= 3.0 a-2.0
2.5
2-0 L) L) ¥ L) T L} L} -2.5 L) L} L} L) ¥ L] L}
-2 9 6 3 0 3 6 9 12 -12 -9 6 -3 0 3 6 9 12
Time (t) Time (t)

Fig. 5.2 (a), (b), (c), (d), (e), (f) represents the plots of time versus (a) Average scale factor (b)
Hubble parameter (c ) Energy density (p) (d) p+p (e) p—p (f) p+4p for the values of

constants =0.5 and a, =1.
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Figs. (5.2) (c), (d), (e) and (f) are the plots of time versus energy density (p) p+p, p—p and

p+3p. Itis observed that WEC, NEC and DEC energy conditions are satisfied at t =0but SEC

is violated at t=0. Hence, the bounce is realized in our model at m=2.
As an example of viscous fluid realizing bounce scenario, we take y =-1 and bulk viscosity is

given by
B(a,H,H,....)=4H¢, (£ being coefficient of bulk viscosity), we have
p=—p+4HC , (59)

From equation (51), we have
12(5m-1)H? B 12a°

4H¢ =
(m+3) (m+3)
Dividing by 4H
£(H) = 3(6m-1)H 3a (56)

m+32  (Mm+3H
As another example, we take y(p) =y =(constant) and B(a,H,H,.....)=4H¢ with £ =< p, where
€ Is a constant.
From equation (9) , we have

p=—4H(p+p).
Using equation (3) we get,

P= a1 31+y—e) ? (57)
(ag +pt") 2
where, p, is a constant.
Also, from equation (3) we get

p=7(p)p—B@,HH,..). (58)
Using »(p) =y = constant and B(a,H,H,.....)=4H¢ , we get
p=(-4He)p .

Therefore, the scenario with y = constant, £ =< p, the energy density of bouncing universe will
decrease with increasing time (provided 1+ y >¢).

6. Conclusion

Kaluza-Klein cosmological model has investigated with viscous fluid by considering two
specific forms of the scale factors proposed by Morris & Thorne [22] and Bamba et al. [1]. In
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both the cases, we have realized the bounce behavior of the model. The bounce behavior has
been proposed as an alternatives scenario for the Big Bang. Our investigation has taken into
consideration necessity to have an acceleration after the bounce in the context inflation.
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