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Abstract

For each Churchill-Plebafiski type of the trace-free second fundamental form we obtain, via the
Newman-Penrose technigue, the corresponding Petrov type of the Weyl tensor.
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1. Introduction

We consider spacetimes of class one, that is, the local and isometric embedding of R, into Ex,
then the corresponding second fundamental form b,, = b,, satisfies the Gauss-Codazzi

equations [1-4]:
Ryvap = € (bua bvﬁ - buﬁ bva)' b,uv;a = bua;v ) =11, 1)
for the the intrinsic and extrinsic properties of the 4-space.
The Weyl tensor is given by [1, 4]:
1 R

Cuvaﬁ = Ruvaﬁ + 2 (Ruﬁ Gva T Rva up — Rua 9vp — Rvﬁ gua) + 5 (gua 9vp — Gup gva)r

€y . 4

=¢£ [BuanB - Bu,BBva + > (Ayagvﬁ + Avﬁgua - Auﬁgva - Avaguﬂ) % (gyagvﬁ -

guﬁgva)]: (2)
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where Ba[)’ = ba,@ —g Gap, b = b/ll, Aaﬁ = Ba#Bﬁu and A = AA)L.

In Sec. 2 we employ the Newman-Penrose (NP) technique [4-7] to project (2) onto the null tetrad
(1% n% m% m%), and thus to relate the Churchill-Plebafiski types [8-12] of B,, with the Petrov

types [4, 13-16] of Cjyqp-

2. Petrov and Churchill-Plebafiski classifications

We project (2) onto the null tetrad to obtain [17, 18]:
Yo = 45(900 Qo2 — Q012): Y, = 25(900 Q12 = 2001 Qq1 + Qo2 5_101),

X _ _ —
Ve = 58(900 Qz2 = 2001 Q2 + oz Qo2 — 49112 + 40y, 001)'
(3)

= = = = = 2
VY3 = 26(Qo2 Q12 — 2045 Qg + Q5 Qoy), Yy = 4e (902 Qa3 — Qg )'
where ;. and Q, are the NP components of €.,z and B,,, respectively [4-7, 19, 20].

Now for each Churchill-Plebaniski type of B,z [18] we shall determine the Petrov type of (2) via
the following algorithm developed in [21]:

yes no yes
0 — ¢a=0 a=01)4 — Gb=0, b=0,,5 — N

J

!l no
no no yes
| «— K3=27]? «— J=K=0 — 1
(4)
1 yes
no G.+AY.=0, ¢c=0,1,3,4 yes
I — D
GZ + 265 + 3/11/}2 = 0,
such that:
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Go =2(Po¥2 —¥1%),  Gr=Yo¥s — Y1y, Gy =2° + Pothy — 2913,

Gs = Y1y — Y3, Gy = 2(1/)21/)4 - 1/)32) , G5 = 2(¢1¢3 - 1/)22) )
()

]:_¢3G1+%(I/)205+¢4Go), K=G,—-Gs, A==, B=—].

X
3
This method (4) is used by Differential Geometry (Maple software package) [22] to know the
Petrov type of a tensor with the algebraic symmetries of the Weyl tensor.

Mclintosh et al [18] give a canonical set of nonzero NP quantities (,;, for each Churchill-
Plebariski type, then for them we can determine the corresponding Petrov types of (2) using (3)-
(5):

a1). Qoo = Rzz, Qo2 = ﬁoz, Qq1: [T—81—5;—S3] [1-1-1-1] -

In this case from (3) and (5) we have the values:

2
Yo = Py = 4€Qoo2, Y1 =YP3=0, P, = gf(ﬂoo2 + Q022 - 49112), Gy = Gy = 290, ,

G1=G3=0, G =vo" +¥,", Gs==20,", [ =1h(¥o" —92°), K=" +3¢,°,
with K3 # 27]2, then the algorithm (4) implies that C,,,s has Petrov type I.
a2). Qo2 = Qoz, Qg1 : [2T — 51 — S3] [1-1-1] -
Therefore ¢, =0, r #2, P, = %e (Qo,% — 4Q4,%) and:

Go=0,a+25, Gs=-2G,=-2¢,°, A=1v,, K=2,%, J=-v,°, (6)
hence (4) gives type D for (2).

a). Qoo = Qz2, Qq1: [T —2851 - S2]p1-1-17 -

Then v, =0, b#2, ¢, = %g (Qo0® — 404, %) with the same expressions (6), thus Cy,qp has
Petrov type D.
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as). Q1 [2T — 28] -1,

Now Y. =0, c#2, P, = —gs Q,,% and (6) are valid again, therefore the Weyl tensor has
type D.

a5). ﬂoz = 2911 : [3T - S] [1-1] ° Cuvaﬁ = 0 because l/lr =0,r=0,..,4, then (4) gives
type O.

). Qoo = Qyp =2Qqq: [T —38][1-17: From (3) we obtain 3, =0, V a, hence (2) has
type O.

a7). Qqp =0, Va,b: [4T]q: Evidently the conformal tensor is type O.
ag). Qoo =—0Q2z2, D11, Qo2 =Qp2: [Z—-Z—-5;—5;] [1-1-1-1] -
Now we have:
_ _ _ _ _ 2 2 2 2 _ _
Yo = =P, = 4eQooQo2, Y1 =3 =0,9, = gf(ﬂoz — Qg — 404, ):Go = —Gy = 2015,

Gy = G3 = 0,Gy = ;" — %, Gs = —2,% ] = =, (Po® +1¥2°), K = —hy° + 3,%, K3 #
27J%,

and the algorithm (4) implies type | for Cy,qp -
a9). Qoo = —Qa2, Q11: [Z—~Z—28](1-1-1]
Here ¥, =0, b # 2, 1, = —ge(ﬂooz + 40,,%) and (6), therefore (2) has Petrov type D.
aw0). Qoz = Doz, V1, Qa2 ¢ [2N =851 = S3] 2117 -
In this case from (3) and (5):
Y, =0, 1r#2,4 P,= %e(ﬂozz —404,%), Py =4eQp2Qy,, G, =0, a#2,5,
Gs = —2G, = =2y, | =—,°, K=3y,", K>=27]% A=y,

but G, + Ay, # 0, hence the Weyl tensor has type II.
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a11). Qq1, Q22 [2ZN — 28] 215 -

From (3) we obtain o =0, a #2, ¥, = —gf— Q. with the relations (6), thus the algorithm
(4) gives the type D.

a12). oz =2Qq1, Qa2 ¢ [BN —S]2-1;.

Now we have v, =0, b #4, P, =4eQp2Qp,, G- =0, r=0,..,5, therefore C,,qp Iis
type N.

a13). Q22 : [4N]2;: Then i, =0, V1, hence (2) has Petrov type O.
a12). Qo1 # o1, Qo2 =2Qqy: [3N —S]3_q)-

Here we deduce that y.=0, c#0,1, G, =0, a#0, K=]=0, thus from (4) the
conformal tensor is type IlI.

ais). Qoq: [4N] (3): Inthis case, Y, = 0,7 # 0, Py = —4£Q00,% G, = 0,V a, therefore (4) gives
the type N.

The analysis realized in ay), ... , ajs) is in agreement with the Table | of Mcintosh et al [18] and
the Table Il of Barnes [23], which shows the utility of the algorithm (4) to obtain the Petrov type
of a tensor with the same symmetries as the Weyl tensor. Our study is algebraic because is based
in the Gauss equation (1) for the second fundamental form, but is necessary to employ the
Codazzi differential equation and thus perhaps under certain conditions some Churchill-
Plebariski or Petrov types may be prohibited for embedding class one, or is possible that the
Codazzi’s relation imposed constrains to the null congruences associated with the NP tetrad [24].
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