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Abstract 

In this paper we study the Einstein’s field equations with variable gravitational and 

cosmological “constants” for a spatially homogeneous and anisotropic Bianchi type-I space 

time. To study the transit behaviour of universe, we consider a law of variation of scale factor 

which yields a constant value of deceleration parameter comprising a class of models that 

depicts a transition of the universe from the early decelerated phase to the recent accelerating 

phase. Cosmological models admitting binary mixture of perfect fluid and dark energy. The 

physical significance of the cosmological models are also discussed. 

Keywords: Anisotropic universe, dark energy, perfect fluid, variable cosmological term, 

chaplygin gas. 

 

1. Introduction 

The gravitational constant G and cosmological constant  are considered to be fundamental 

constants in Einstein’s theory of gravity. The Newtonian constant of gravitation G plays an 

important role between geometry of space and matter in Einstein’s field equations. The 

investigation of relativistic cosmological models usually has the energy momentum tensor of 

matter generated by a perfect fluid. High precision data from type Ia supernova, the cosmic 

microwave background and large scale structure which seems to hint the universe is presently 

dominated by an unknown form of energy, that is known as dark energy [1-7]. One of the 

obvious contender for the role of dark energy is Einstein’s cosmological constant; whereas 

particle physics have failed to predict the correct density. Astrophysical observations indicate 

that the accelerated expansion of the universe is driven by exotic energy with large negative 

pressure which is known as dark energy [8]. 

Another candidate for the dark energy density has been used by Kamenshchik [9] purposed the 

use of perfect fluid with an exotic equation of state called as Chaplygin gas. Earlier researchers 
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on this topic are Saha [10] , Setare [11] , Setare[12] , Malekjani[13] , Jamil , M.[14] , Sheykhi , 

A.[15] ,Setare [16] .Some of the recent discussions on the cosmological constant problems have 

been studied by Dolgov [17,18] , Tsagas and Maartens [19] , Sahani and Starobinsky [20] , 

Padmnabham [21,22] , Vishwakarma [23-26] and Pradhan et al [27-31]. Solving Einstein 

equations for a BI universe in the presence of dust, stiff matter and cosmological constant are 

reported in [32, 33]. A variety of cosmological models with varying Λ term have been tested by 

researchers to overcome these cosmological puzzles and to explore the accelerating behavior 

of the universe R.K. Tiwari et.al [34-39]. Among the anisotropic Bianchi Models, Bianchi type-I 

cosmological models are the simplest anisotropic universe models which are the generalization 

of FRW models.    

In this paper we have investigated BI cosmological model with variable gravitational and 

cosmological constant in the presence of perfect fluid in an expanding universe. The Einstein 

field equation is solved in the homogeneous and anisotropic space time. 

 

2. Solution of the field equation 

The BI cosmological model is given as 

,22222222 dzCdyBdxAdtds                                                                                           (1) 

where, A, B, C, are only functions of time, t. 

The Einstein’s field equations with G and  is  

ijijijij gGTRgR  8
2

1
                                                                                                (2) 

where ijR  is the Ricci tensor and R is the scalar curvature. 

The distribution of matter in the space-time consists of a perfect fluid given by the energy 

momentum tensor 

  ijjiij pgpT                                                                                                         (3) 

where i  is the four-velocity vector satisfying 

1i

i                                                                                                                                    (4) 
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Here 


is the total energy of perfect fluid and dark energy and p is the corresponding pressure. 

The Einstein field equations from the BI space time as 

   
,8

BC

CB

C

C

B

B
Gp


                                                            (5) 

                     
,8

AC

CA

C

C

A

A
Gp


                                                              (6) 

                     
,8

AB

BA

A

A

B

B
Gp


                                                              (7) 

                     
,8

CB

BC

AC

CA

AB

BA
G


                                                            (8) 

where over-dot means differentiation with respect to t. We can obtain the Hubble parameter 

as 
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where   3
1

ABCa   and a is the scale factor and 
j

ju;  is the scalar expansion. The 

deceleration parameter (q) is related to H as 
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                                                                                         (10)  

The deceleration parameter is negative for an accelerating and positive for decelerating phase 

of universe. It is defined the shear scalar ij as [35] 

                  
   ,

3

1

2

1
;;, jiiji

k

kjj

k

kijiij g                                                (11) 

By using equations (1) and (11), we obtain 
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Using equations (5) - (8), we find 
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                          22 83 GH                                                                                            (13) 

                            22 812 GpqH                                                                                (14) 

Eliminating p and   from equations (5) - (7), we find 

                         0
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and by integrating equations (15) and (16), we get  
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                                                                                                        (17) 

and                   
ABC

l

C

C

B

B 2


                                                                                                        (18) 

where 1l and 2l are the integration constants.  

On account of equations (17), (18) and (12), 2 is derived as 
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where .21

2

2

2

1

2 llllb   Equation (19) implies that 

                               .03   H                                                                                                      (20) 

From equation (13), we obtain 
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3 222
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where c and c  are the total density parameter and cosmological 

constant density parameter. Here GHc  83 2  and  G 8  are the critical density and 

cosmological constant density. For p=0, equation (14) gives 
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Putting equation (22) into equation (21) gives 

                                      









2

2

1
3

2

H
q


                                                                                     (23) 

If the space time is isotropic, 0 , we observe that in an anisotropic space time value of total 

density parameter   is smaller in comparison to its value in the isotropic space. The 

deceleration parameter is constant 

                                     i.e., q=k                                                                                             (24) 

where k is a constant. 

Let us consider a universe with power law 

                              1
1

21 1  kktkka   

Put,    Tktkk  21 1  , we get 

                           
1

1
 kTa                                                                                                     (25) 

Hubble parameter H and shear scalar  , for this model are given by 

                         
 Tka
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                                                                                           (26) 
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                                                                                                   (27) 

we  see at the beginning of the universe  2  is very large which indicates that the universe is 

very anisotropic at the early time and when time is growing the shear tensor tends to zero 

which shows that the anisotropic parameter is disappeared and the universe is isotropic at late 

time.  
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3. General non Linear Equation of State 

The equation of state is defined as 

                                        
 Ap                                                                                (28) 

where  A>0, 1 and   are the constants. The conventional energy conservation separated 

equation (3) into 

                            013 1   A
a

a
                                                                     (29) 

Inserting equation (25) into equation (29), we get   
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Substituting equation (25) - (27) and (28), (30), (31) into equation (13) and (14) the gravitational 

parameter G and cosmological constant are given by 

 

 
 

  

 
  







































































1

1
113

1
1

1
113

2

2

1

1

1

1
14

31

1

1
6



















kk TCA

A

TCA

T

b

Tk
G

k

            (31) 

 

 

 
 

  






































































1
113

1
6

2

2

1
6

2

22

1

1
1

31

1
2

31

3

k

k

k

TCA

A

T

b

Tk

T

b

Tk
                              (32) 

and 
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and then we can obtain 
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4. Typical Example  

4.1: For ,2 the equation of state is written as 

                 
2 Ap                                                                                                       (36) 
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where C is the constant. From eq. (37) it can be seen that at the earlier time   tends to finite, 

for 1  give      11 CA  

The gravitational constant G and cosmological constant are given by 
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and 
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The total density parameter 
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For 11    and  
3
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k
  we get   and   as 0T . For 
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inserting the value of   and  , equation (21) becomes 3H , the anisotropy does not 

die out asymptotically. Also for 11    and  
3

1

1

1


k
  we get 0  and 1  as 

T .  

4.2:  For ,
1

1
n

  the equation of state is written as 

                      nAp
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where A and n are the polytropic constant and the polytropic index respectively. Here 0n  

and 11   , in this case 
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where C is the integration constant and energy density is positive for an arbitrary number of  . 

In the case of  
 

  ATC kn  
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 , we have   and therefore the polytropic gas has 

finite time singularity at   
 

  


 13
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1
kn

CAT . In this type of singularity, at characteristic 

time T, the energy density   and the pressure density p , is indicated by type III 

singularity. 

The gravitational parameter G and cosmological constant are given by 
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and then we can obtain 
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For 11    and  
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inserting the value of   and  , equation (21) becomes 3H , this anisotropy decrease 

as the universe expands and this explains the present isotropy of the universe. Also for 

11    and  
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  we get 0  and 1  as T . 

4.3: For ,   the equation of state is written as 
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The gravitational parameter G and cosmological constant are given by 
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and then we can obtain 
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For 12 b  and 
3

1

1

1


k
, we obtain G and  as 0T . At  T , G and   tend to 

zero. Also   and   as 0T 0 . For 11    and  
3

1

1

1


k
  we get 

0  and 1  as T .  

 
5. Conclusion 

We have studied Einstein’s field equations for Bianchi type I cosmological models with variable 

G and  in presence of perfect fluid and dark energy. We have derived power law and energy 

density solution, all of which isotropize at late time. The EoS parameters of the chaplygin gas in 

anisotropic universe were obtained. It was observed that if 02 b , total density parameter and 

cosmological constant density parameter in anisotropic universe are larger than the   and   

in FRW space time, while the vice versa needs 10 2  b . We calculated the deceleration 

parameter (q), obtained the decelerated and an accelerated phases of the expansion of the 

universe in Chaplygin gas model and shows that this model corresponds to an accelerated 

universe. 
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