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Abstract 

We show that a relation of Quaintance-Gould implies the Kellner’s expression for Bernoulli 

numbers in terms of Stirling numbers of the second kind. 
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1. Introduction 

 

In [1] we find the relation: 

 

    (
𝑛 + 2

𝑗
) 𝐵𝑛+2−𝑗 = (𝑛 + 2) ∑

1

𝑘+1

𝑛+1
𝑘=𝑗−1  𝑆𝑛+1 

[𝑘]
𝑆𝑘+1

(𝑗)
 ,      𝑛 ≥ 0,    1 ≤ 𝑗 ≤ 𝑛 + 2,            (1) 

 

for Bernoulli numbers [2] in terms of Stirling numbers of the first and second kind [3-5]. 

 

Here we show that the Kellner’s expression [6] for  𝐵𝑚 is immediate from (1). 

 

 

2. Kellner’s formula 

 

In (1) we employ  𝑗 = 2 to obtain: 

                                           𝐵𝑛 =
2

𝑛+1
 ∑

1

𝑛+1 

𝑛+1 
𝑘=1  𝑆𝑛+1

[𝑘]
 𝑆𝑘+1

(2)
 ,                                        (2) 

 

but we have the following  relation for harmonic numbers [7]: 

 

                                    𝐻𝑚 =
(−1)𝑚+1

𝑚!
 𝑆𝑚+1

(2)
 ,        𝑚 ≥ 1,                                       (3) 

 

hence (2) implies the Kellner’s expression [6] to generate Bernoulli numbers from Stirling 

numbers of the second kind: 
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                          𝐵𝑛 = −
2

𝑛+1
 ∑  

(−1)𝑘

𝑘+1

𝑛+1
𝑘=1  𝑘!  𝐻𝑘 𝑆𝑛+1

[𝑘]
 ,     𝑛 ≥ 0.                                        (4) 

 

We note that with the known properties [1, 3, 8]: 

 

  𝑆𝑛+1
[0]

= 0,     𝑆𝑛+1
(1)

= (−1)𝑛 𝑛! ,   ∑  𝑆𝑛+1
[𝑟]𝑛+1

𝑟=0 𝑆𝑟
[2]

= (
0
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(5) 

∑  
(−1)𝑘

𝑘 + 1

𝑛

𝑘=0

 𝑘!  𝑆𝑛
[𝑘]

= 𝐵𝑛 ,         𝑆𝑛+1
[𝑘]

= 𝑆𝑛
[𝑘−1]

+ 𝑘 𝑆𝑛
[𝑘]

 ,             𝑆𝑛+1
(𝑘)

= 𝑆𝑛
(𝑘−1)

− 𝑛 𝑆𝑛
(𝑘)

 , 

 

it is possible to deduce the Luschny’s formula [9] to construct Bernoulli numbers via harmonic 

numbers: 

                            𝐵𝑛 = ∑  𝐻𝑘+1
𝑛
𝑘=0  ∑  (−1)𝑗𝑘

𝑗=0 (
𝑘
𝑗

) (𝑗 + 1)𝑛 ,        𝑛 ≥ 0,                 (6) 

as an alternative to (4). 

 

Now in (4) we use the Euler’s relation [1]: 

 

                                                    𝑆𝑚
[𝑘]

=
(−1)𝑘

𝑘!
∑  (−1)𝑗𝑘

𝑗=0 𝑗𝑚 (
𝑘
𝑗

) ,                                         (7) 

 

and we apply (6) to obtain the representation: 

 

       (𝑛 − 1) 𝐵𝑛 = −2 ∑  
1

𝑘+2

𝑛
𝑘=0  𝐻𝑘+1 ∑  (−1)𝑗𝑘

𝑗=0 (
𝑘
𝑗

) (𝑗 + 1)𝑛,          𝑛 ≥ 0.                  (8) 
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