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Abstract 

We show that an identity of Lovelock, for the conformal tensor in four dimensions, allows to 

motivate the Edgar’s identity which is important in the deduction of the wave equation for the 

Lanczos spintensor. 
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1. Introduction 

 

The wave equation for the Lanczos generator [1-3] is important in general relativity [4, 5], and in 

its deduction participates the following Edgar’s identity [6]: 

 

              𝐿𝜇𝜌𝜆 𝑊𝜇𝜌𝜆[𝛼 𝑔𝛽]𝜈 + 2 𝑊𝜇𝜈𝜌[𝛼 𝐿𝛽]
𝜇𝜌 +

1

2
𝐿𝜇𝜌

𝜈 𝑊𝜇𝜌𝛼𝛽 = 0,                                     (1) 

 

valid only in four dimensions, for arbitrary tensors verifying the properties: 

 

     𝐿𝜇𝜈𝛼 = −𝐿𝜈𝜇𝛼 ,          𝐿𝜇𝜈𝛼 + 𝐿𝜈𝛼𝜇 + 𝐿𝛼𝜇𝜈 = 0,          𝐿𝜇𝜈
𝜈 = 0,           𝑊𝜇

𝜈𝛼𝜇 = 0,    

                                                                                                                                                                         

(2) 

𝑊𝜇𝜈𝛼𝛽 = −𝑊𝜈𝜇𝛼𝛽 = −𝑊𝜇𝜈𝛽𝛼 ,             𝑊𝜇𝜈𝛼𝛽 + 𝑊𝜇𝛼𝛽𝜈 + 𝑊𝜇𝛽𝜈𝛼 = 0, 

 

also satisfied by the Lanczos potential [1] and the conformal tensor [7]. 

 

Edgar [6] showed his identity employing the generalized Kronecker delta [8]; in Sec. 2 we use a 

result of Lovelock [9] to motivate the expression (1). 
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2. Edgar’s identity 

 

Lovelock [9] obtained the following four-dimensional identity: 

 

                                             𝑊[𝑎𝑏 𝛿𝑝]
𝑞][𝑐𝑑

≡ 0,                                                           (3) 

that is: 

   𝛿[𝑎
𝑞  𝑊𝑏]𝑝

𝑐𝑑 + 𝛿[𝑎
𝑐  𝑊𝑏]

𝑑𝑞 − 𝛿[𝑎
𝑑  𝑊𝑏]𝑝

𝑐𝑞 + 𝛿𝑝
[𝑐

 𝑊𝑎𝑏
𝑑]𝑞 +

1

2
𝛿𝑝

𝑞 𝑊𝑎𝑏
𝑐𝑑 = 0;                   (4) 

 

now we multiply (4) by  𝑊𝑐𝑑
𝑝𝑟 to deduce the relation: 

 

          𝑊𝜇𝜈𝛼𝛽 𝑊𝜇𝜈𝜏𝜆 + 2 𝑊𝜇𝜈𝛾
𝜆 𝑊𝜇𝜈𝛾

[𝛼 𝛿𝛽]
𝜏 + 4 𝑊𝜆

𝜇𝜈[𝛼  𝑊𝛽]
𝜇𝜈𝜏 = 0,                           (5) 

 

where  𝑊𝜇𝜈𝛼𝛽  has all symmetries of the Weyl tensor. 

 

If in (5) we contract  𝛼 with 𝜆, we obtain the Lanczos identity [10-12]: 

 

     𝑊𝑎𝑏𝑐𝑑 𝑊
𝑎𝑏𝑐𝑟 =

1

4
 𝑊2 𝛿𝑑

𝑟 ,             𝑊2 ≡ 𝑊𝜇𝜈𝛼𝛽 𝑊𝜇𝜈𝛼𝛽 ,                                  (6) 

 

hence (5) acquires the form [13]: 

 

                𝑊𝜇𝜈𝛼𝛽 𝑊
𝜇𝜈𝜏𝜆 − 4 𝑊𝜇[𝛼

𝜏𝜈 𝑊𝛽]
𝜇𝜆 −

1

4
 𝑊2 𝛿𝛼𝛽

𝜏𝜆 = 0.                                       (7) 

 

   Finally, the Edgar’s identity (1) is immediate from (5) if we multiply it by an arbitrary vector 

𝐴𝜆 and we introduce the tensor: 

                                        𝐿𝜇𝜈𝜏 ≡ 𝑊𝜇𝜈𝜏𝜆 𝐴𝜆 ,                                                            (8) 

which verifies the properties (2). 
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