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                                                                                   Abstract 
Andersson-Edgar proved that the Lanczos spinor can be generated via 𝐿𝐴𝐵𝐶�̇� =  ∇𝐸

𝐷 ̇ 𝑇𝐴𝐵𝐶𝐸 .  

Here we determine the potential  𝑇𝐴𝐵𝐶𝐸 for any 𝑅4 of Petrov types O, N, and III. 
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1. Introduction 

 

In [1] was obtained the Lanczos generator [2, 3] for an arbitrary spacetime of Petrov type N, with 

the following Newman-Penrose components: 

 

                                  Ω0 =
𝜅

2
 ,              Ω3 = −

𝜆

2
 ,                Ω4 =

𝜎

2
 ,             Ω7 = −

𝜈

2
 , 

                                                                                                                                   (1) 

                                  Ω1 =
𝜌

6
 ,              Ω2 = −

𝜋

6
 ,                Ω5 =

𝜏

6
 ,             Ω6 = −

𝜇

6
 , 

 

in terms of the spin coefficients [4, 5] associated to the canonical null tetrad [6]: 

 

      𝑙𝜇   ⟷   𝜊𝐴𝜊�̇� ,           𝑛𝜇   ⟷   𝜄𝐴𝜄�̇� ,          𝑚𝜇   ⟷   𝜊𝐴𝜄�̇� ,          �̅�𝜇   ⟷   𝜄𝐴𝜊�̇� ;            (2) 

 

hence for the type N the Lanczos spinor [7, 8] is given by: 

 

    𝐿𝐴𝐵𝐶�̇� =
1

6
[3 𝜊𝐴𝜊𝐵𝜊𝐶(−𝜈 𝜊�̇� + 𝜆 𝜄�̇�) + (𝜊𝐴𝜊𝐵𝜄𝐶 + (𝜊𝐴 ∗ 𝜄𝐵)𝜊𝐶)(𝜇 𝜊�̇� − 𝜋 𝜄�̇�) + 

                           (3) 

                + (𝜄𝐴𝜄𝐵𝜊𝐶 + (𝜊𝐴 ∗ 𝜄𝐵)𝜄𝐶)(𝜏 𝜊�̇� − 𝜌 𝜄�̇�) + 3 𝜄𝐴𝜄𝐵𝜄𝐶  (−𝜎 𝜊�̇� + 𝜅 𝜄�̇�)]. 
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On the other hand, Andersson-Edgar [9-11] proved that any Lanczos spinor can be generated via 

the relation: 

                  𝐿𝐴𝐵𝐶�̇� = ∇𝐸
𝐷 ̇ 𝑇𝐴𝐵𝐶𝐸 ,                   𝑇𝐴𝐵𝐶𝐸 = 𝑇(𝐴𝐵𝐶)𝐸  .                          (4) 

 

In Sec. 2 we give an explicit expression for the potential 𝑇𝐴𝐵𝐶𝐸 in terms of the dyad (𝜊𝐹 , 𝜄𝐺), for 

the Lanczos spinor (3). 

 

Let’s remember that [1]: 

                         (Ω𝑟) 𝑇𝑦𝑝𝑒 𝐼𝐼𝐼 = 2 (Ω𝑟) 𝑇𝑦𝑝𝑒 𝑁 ,          𝑟 = 0, … , 7,                           (5) 

 

in the canonical tetrad for the type III, therefore: 

 

                                        (𝑇𝐴𝐵𝐶𝐸) 𝑇𝑦𝑝𝑒 𝐼𝐼𝐼 = 2 (𝑇𝐴𝐵𝐶𝐸) 𝑇𝑦𝑝𝑒 𝑁 .                                                  (6) 

 

 

2. Potential for the Lanczos spinor 

 

In the spin coefficients formalism [4] are very known the following relations: 

 

                  ∇𝐴
𝐵 ̇ 𝜊𝐴 = (𝜏 − 𝛽)𝜊�̇� + (𝜀 − 𝜌)𝜄�̇�,      ∇𝐴

𝐵 ̇ 𝜄𝐴 = (𝛾 − 𝜇)𝜊�̇� + (𝜋 − 𝛼)𝜄�̇�, 

 

                                      𝜊𝐴∇𝐴
𝐵 ̇ 𝜊𝐶 = (−𝛽 𝜊�̇� + 𝜀 𝜄�̇�)𝜊𝐶 + (𝜎 𝜊�̇� − 𝜅 𝜄�̇�)𝜄𝐶 ,  

 

                                      𝜊𝐴∇𝐴
�̇�𝜄𝐶 = (−𝜇𝜊�̇� + 𝜋𝜄�̇�)𝜊𝐶 + (𝛽𝜊�̇� − 𝜀𝜄�̇�)𝜄𝐶 , 

                                                                                                                                                   (7) 

𝜄𝐴∇𝐴
𝐵 ̇ 𝜊𝐶 = (−𝛾 𝜊�̇� + 𝛼 𝜄�̇�)𝜊𝐶 + (𝜏 𝜊�̇� − 𝜌 𝜄�̇�)𝜄𝐶 , 

 

𝜄𝐴∇𝐴
𝐵 ̇ 𝜄𝐶 = (−𝜈 𝜊�̇� + 𝜆 𝜄�̇�)𝜊𝐶 + (𝛾 𝜊�̇� − 𝛼 𝜄�̇�)𝜄𝐶 , 

 

hence: 

                      ∇𝐸
�̇�[(𝜊𝐴𝜊𝐵𝜄𝐶 + (𝜊𝐴 ∗ 𝜄𝐵)𝜊𝐶)𝜄𝐸] = 3𝜊𝐴𝜊𝐵𝜊𝐶(−𝜈 𝜊�̇� + 𝜆 𝜄�̇�) + 

 

        +(𝜊𝐴𝜊𝐵𝜄𝐶 + (𝜊𝐴 ∗ 𝜄𝐵)𝜊𝐶)(−𝜇 𝜊�̇� + 𝜋 𝜄�̇�) + 2(𝜄𝐴𝜄𝐵𝜊𝐶 + (𝜊𝐴 ∗ 𝜄𝐵)𝜄𝐶)(𝜏 𝜊�̇� − 𝜌 𝜄�̇�), 

                                                                                                                                                                         

(8) 

                       ∇𝐸
�̇�[(𝜄𝐴𝜄𝐵𝜊𝐶 + (𝜊𝐴 ∗ 𝜄𝐵)𝜄𝐶)𝜊𝐸] = 3𝜄𝐴𝜄𝐵𝜄𝐶(𝜎 𝜊�̇� − 𝜅 𝜄�̇�) + 

 

         +(𝜄𝐴𝜄𝐵𝜊𝐶 + (𝜊𝐴 ∗ 𝜄𝐵)𝜄𝐶)(𝜏 𝜊�̇� − 𝜌 𝜄�̇�) + 2(𝜊𝐴𝜊𝐵𝜄𝐶 + (𝜊𝐴 ∗ 𝜄𝐵)𝜊𝐶)(−𝜇 𝜊�̇� + 𝜋 𝜄�̇�), 
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then it is immediate that (4) implies (3) for: 

 

          𝑇𝐴𝐵𝐶𝐸 =
1

6
[(𝜊𝐴𝜊𝐵𝜄𝐶 + (𝜊𝐴 ∗ 𝜄𝐵)𝜊𝐶)𝜄𝐸 − (𝜄𝐴𝜄𝐵𝜊𝐶 + (𝜊𝐴 ∗ 𝜄𝐵)𝜄𝐶)𝜊𝐸],                       (9) 

 

where it is evident the symmetry (4) in 𝐴𝐵𝐶. 

 

The result (9) is applicable to the type III in according with (6). The type O accepts as Lanczos 

spinor to any multiple of (3) [1], thus (9) also is valid for this type. 
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