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Abstract
Taub used spinor analysis to prove that a spacetime admitting a covariantly constant spinor field
is Petrov type N. Here we employ the Newman-Penrose formalism to give a simple proof of this
interesting Taub’s theorem.

Keywords: Constant spin-vector, Taub’s theorem, Newman-Penrose formalism.

1. Introduction

We accept that o, is a constant spinor field:

Vﬂ 04 = O, (1)
and we construct the null tetrad [1]:
I — 048, nt o AB, mt o 048, WMt o 4B, out=1, (2)
then (1) gives the constraints [2]:
Los=0, L=D, A 6, 6. (3)

In Sec. 2 we show that (3) and the Newman-Penrose (NP) equations [3] imply that [, is a 4-

degenerate principal direction of the Weyl tensor, hence the spacetime is type N [4-6], in
accordance with Taub [7].

2. Constant spinor field
We have the relations [1, 2]:

Doj=¢c04—Kty, Dog=yo4—7Tl, O804=PLog—0tl, OSog=aos—pl, (4)
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then from (3):
K=og=¢e=y=p=t=a==0, 5)

Y, =0, a=0,...,3 (6)
which means a spacetime with Petrov type N [4-6]. Besides, R = 0 and:
dap =0  exceptpossibly ¢, , (7
therefore:
Ry =-2¢1,1,, (8)
thus the Ricci tensor is type [4N]j;; = [(112)] in the Churchill-Plebafiski classification [8-10].
The Taub’s condition (1) implies that [, is a constant null vector field:
v, l, =0, 9
which can be applied in the known property [11]:
(VaVy = V) Ly = Royuan 17, (10)

to deduce that [, is a 4-degenerate principal direction of the conformal tensor [6]:

Couv!® =0, (11)
where we use (8) and R = 0.

It is possible to give a spinor proof of this Taub’s theorem, in fact, we have the expressions [12]:
1 1

Oap 0c = Yapcp 0° + 72 X (€ac 0 + £p¢ 04), Oyp0° = sR o4, (12)

where we can employ (1) in the form V.3 04 = 0 to obtain R = 0 and that o4 is a principal

spinor of the Weyl spinor [13]:
Yapcp 0° =0, (13)

equivalent to (6) and (11). Besides [11]:
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(D

Oap 0¢ = Papep o? =0, (14)

which implies (7) and (8).

We see that V, 0, =0 leadsto V, [, = 0, however, the inverse situation is that a constant null
vector can have V, o4 # 0. Here the Taub’s result was proved with NP and spinor tools.
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