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Abstract
The covariant derivative V,z of the spin-frame metric e.p is zero, then here we show that this
fact implies the existence of a spinor y,5-p Whose components in the dyad (04, %) are the spin
coefficients of the corresponding null tetrad. Besides, we exhibit the tensor associated t0 Ygpqy
via the Infeld-van der Waerden symbols (with the important participation of the Wiinsch’s
vectors), which generates a possible link between the Lanczos spinor and y,gcp -
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1. Introduction

The spinor dyad (04, (8), with o, 14 = 1, gives the null tetrad of Newman-Penrose [1, 2]:

I* «— 0408, nt — AB mt — o048, mt — Aof, (1)
and the spin-frame metric [3]:
€4AB = Oqlp — Op ly, (2)
such that V.p €45 = 0, that is:
tuVepog =04 Veptg =1t Vep0g — 0 Vep g, (3)
which introduces the spinor [4]:
Yercr = Vep OF — 0 Vep tr (4)

and (3) implies the symmetry yigcp = Veach -

In Sec. 2 we see that the components of (4) in the dyad (04, () are the twelve spin coefficients
[1, 2, 5] of the null tetrad (1). In Sec. 3 we employ the Infeld-van der Waerden symbols [6] to
determine the tensor associated t0 ygpgy » With the important presence of the Wiinsch’s vectors
[7-9], which suggests a possible relationship [4] between (4) and the Lanczos spinor [10, 11].
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2. Spin coefficients

From the analysis realized in [5] is immediate the spinor covariant derivative of the dyad
(04,(B):

Vepog = (Y ocop +etictyp—aocty —Licop)og+ (—Tocop —Kicty+poctp+
O Lc 0p)lig,

()
Veptg = Wocop+micty —Aocty —icop)og — (Y ocop + €ty —aocty —
ﬁ lc OD)LB'
then (4) acquires the structure:

Yasco = tatg(p 0ctp + 0 tc 0p —T0c 0p — K ictp) — 04 05(VOc 0p + T icty —Aoc iy —
ticop)+ (oatg +op)(yocop+eicty —aociy —Picop) (6)
and therefore the spin coefficients of the corresponding null tetrad are given by:

— oA B 5C D — A B 5C D — oA B ,C D
K=0"0"0"0pVYapc » 0=0"0"0"LlpYapc » p=0"0"1"0pYapc
v=1"0C 5 yapc”, A="11C opyapc® =141 0" 1y yapc”,

(7)
T=0%0%1"1p yapc®, e =1"0" 0%p Vapc®, a=04"10yyapc",

— A B C D — ,A,B,C D — ,A,B,C D

mT=1"1"0"0pVYapc y=0"U U 1lpYapc » B =1"0"0"tpYapc" -

The expressions (7) for x and o imply that the congruence T'(I%) is geodesic and shear-free
if and only if 04 08 0% y,pcp = 0, that is [12]:

k=0=0 = 08 0¢ V505 =0, (8)

which is important to constructing the Kerr-Schild spacetimes [1, 13].

3. Wiinsch’s vectors

It is easy to see that in (6) are the spinorial versions of the Wiinsch’s vectors [7-9]:

Lo=vilg+mtn,—Amg—umg, My=vyls+en,—amg— L mg, 9)
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N,=—-tly—kng,+pmy+omg;
besides the anti-symmetric tensors [11, 14]:
Vab=laxmb, Uab=171axnb, Mab=max771b+naxlb, (10)

allow to deduce the relations:

04 Op = —%UaAQ UbBQ' Vab s = —%UaAQ UbBQ Uap, Oatptopiy = %UQAQ UbBQ Mgy ,
(11)
therefore if we use (9) and (11) into (6) appears the tensor:
Wapr =5 Vap Ly = Ugp Ny + My My), (12)
that under the action of the Infeld-van der Waerden symbols leads to (4):
YaBcp = UaAQ UbBQ 0" cp Wabr » (13)

which is equivalent to (2.18) of Torres del Castillo [6].

In [9] was proved that for arbitrary spacetimes with Petrov types O, N or 11l [15], the Newman-
Penrose components of (9) determine the corresponding Lanczos potential [16-18]; hence the
presence in (12) of the Wiinsch’s vectors suggests some possible link between y,pcp and the
Lanczos spinor L,gcp [8, 10, 11, 19, 20], which we will study in other paper in accordance with
the approach indicated by Andersson-Edgar [4].
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