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Abstract

In this paper, we study and classify the magnetic curves in the isotropic 3-space associated
to a Killing vector field V = v;0; with 9; = % and v; €R,i=1,2,3.
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1 Introduction

Let (N, g) denote a Riemannian manifold and F a closed 2-form. F is said to be a mag-
netic field. The Lorentz force of a magnetic background (M, g, F') is the skew symmetric
(1,1) —type tensor field ¢ on N satisfying

9(¢(X),Y)=F(X,Y) (1.1)

for any X,Y tangent to N. Hence a magnetic curve associated to F' is a smooth curve ¢ on
N satisfying
Ved = (), (1.2)

where V is the Levi-Civita connection of g. The equation (1.2) is known as the Lorentz
equation.

Since F is skew symmetric in (1.1) , the magnetic curve ¢ has constant speed, i.e. g (¢/,c¢’) =
A = const. In the particular case A = 1, it is called a normal magnetic curve. We consider
only the normal magnetic curves all over this paper.

The first study of magnetic fields was treated on Riemannian surfaces (see e.g. (7, 25))),
then in 3-dimensional context, on E? (15), E$ (16)), S* (8), S? x R (23)) etc. For more study
of the magnetic curves on the (semi-) Riemannian manifolds, we refer to (I, 2] [7, 10} 12} T3]
17, 21, 22).

On the other hand, the isotropic 3-space I? is a Cayley—Klein space defined from a
3-dimensional projective space P(R®) with the absolute figure which is an ordered triple
(w, f1, f2), where w is a plane in P(R?) and f1, fo are two complex-conjugate straight lines
in w, see (I8)-(20).

The homogeneous coordinates in P(R3) are introduced in such a way that the absolute
plane w is given by Xy = 0 and the absolute lines fi, fo by Xo = X7 +iXs =0, Xy =
X1 —iX2 = 0. The intersection point F'(0:0:0: 1) of these two lines is called the absolute
point. The affine coordinates are obtained by x, = )%7 To = %, T3 = %

In this paper, our aim is to classify the magnetic curves in I%. In this manner we derive
some classifications for the magnetic curves and N —magnetic curves with constant curvature
(see Definition 4.1) associated to the Killing vector field V' = v10; + v202 + v305 in I3, where
0; = a%i are orthonormal basis vector fields, ¢ = 1,2, 3.
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2 Preliminaries

In this section we provide the fundamental notions on isotropic spaces from (3}, ), (26))- (31)).
The isotropic distance in I? of two points x = (z;) and y = (y;), i = 1,2, 3, is defined as

The lines in x3-direction are called isotropic lines. The plane containing an isotropic line
is said to be an isotropic plane. Other planes are non-isotropic.
The isotropic scalar product between two vectors a = (a;) and b = (b;) in I3 is given by

o a1b1+a2b2, (li?éOOI‘ bﬁéO, (i:172),
o ={ o SR A (22)
The cross product of two vectors a = (a;) and b = (b;) in I? can be defined by
€1 €9 0
a X]]b: ay ag as (23)
by by b3

for e; = (1,0,0), e2 = (0,1,0) . It is easy to check that

(a x1 b,c); = det (a,b,¢),
where ¢ means the projection of ¢ on the Euclidean (z1,z2) —plane. For more details, see
)

Let ¢: I = I3, I C R, be a curve parameterized by the arc length. It is called admissible
if it has no tangent vector field in x3-direction. An admissible curve can be given in the form

c(s) = (2(s),y(s5), 2(s)), &(s) = (x(s),y(s)),

where @ = (2/(s),y’ (s)) # 0. The curvature k(s) and the torsion 7(s) are respectively
defined by
k(s) = det(d(s),c"(s))
det(c'(s),c"(s), " (s))
"(s) = S s 20,

For such vector fields the following Frenet’s formulas hold

T'=kN, N'=—-kT +7B, B'=0. (2.5)
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3 Killing Magnetic Trajectories in I*

Let (N, g) be a Riemannian manifold and X a vector field on N. If Lxg = 0 then X is called
a Killing vector field, where L denotes the Lie derivative with respect to X. It is easily seen
that X is a Killing vector field on N if and only if

g(Vvaz) +g(vZX7Y) = 07

where V is the Levi-Civita connection of g.

The 2-forms on 3-dimensional manifolds may correspond to the vector fields via the
Hodge » operator and the volume form dv, of the manifold. Hence, we can consider the
Killing magnetic fields associated the Killing vector fields.

Note that the cross product of any vector fields X,Y on N is defined as

g(X xY,Z)=dvy (X,Y,Z),

where X,Y, Z tangent to N.
Let Fy = vy dvy be the Killing magnetic field corresponding to the Killing vector field V,
where ¢ denotes the inner product. Then, the Lorentz force of Fy is (see e.g. (8, [15))

®(X) =V x X. (3.1)
From (1.2) and (3.1), the Lorentz force of (I3, (,);, Fy) is
"=V xd, (3.2)

where V is a Killing vector field on I3. We call ¢ Killing magnetic curve.
Now let ¢ be a curve in I?, parametrized by the arc length and given in the coordinate
form

c(s) = (z(s),y(s),z(s)), se€ICR, (3.3)

where x,y and z are smooth functions satisfying the initial conditions:

z(0) = xo, 2’ (0) = Xo, y(0) =yo, ¥ (0) =Y and 2 (0) = 2o, 2’ (0) = Zo. (3.4)

Remark 3.1. cis a non-isotropic line in I? when V' = 0. Afterwards we assume that V
is not identically zero.

By the following result, we classify the normal magnetic trajectories associated to the
Killing vector V = v10; + v20, + v303 in I?, where 0; = B%i and vy, v, v3 € R.

Theorem 3.1. Let ¢ be a normal magnetic curve associated to the Killing vector V =
0101 + v202 + v303 in I3 with the initial conditions (3.4). Then:

(1) [f V= (’Ul,’UQ,O),

Z Z
c(s) = (U22 ©52 + Xos + 10, — U12 0% + Yos + yo, Zos + zo> ; (3.5)
(11) Zf V= (Ula V2, U3 7& O);
. Zovy
c(s) = [ (A1 — zg) cos (v38) + (A2 — yo) sin (vss) + ” s+ A, (3.6)
3

Zov2
v3

(A2 — yo) cos (v3s) — (A1 — @) sin (v3s) + s+ A2, Zps + Zo) ,

ISSN: 2153-8301 Prespacetime Journal WWww.prespacetime.com

Published by QuantumDream, Inc.



Prespacetime Journal | December | 2016 | Volume 7 | Issue 15 | pp. 2015 — 2022 2018
Ogrenmis, A. O., Killing Magnetic Curves in Three Dimensional Isotropic Space

v
O*Zoﬁ

Yo—Zo L X
where A\ = ¢ + Ts and Ao = yo + -

Proof. If ¢ is a normal magnetic trajectory in I?, then it is a solution of (3.2). We have
to consider two cases for the proof.

Case 1. V = (v1,v2,0). Then it follows from (2.3) and (3.2) that

x" =97,

1" /
Yy = —-uiz, (37)
2"'=0, z= Zys + 2.

After considering the initial conditions (3.4) into (3.7), ¢ derives the form (3.5) . This implies
the statement (i).

Case 2. V = (v1, vg, vz # 0). Hence, from (2.4) and (3.2) we have

no__ /
{ r = ZOUQ + USQ Y (3.8)

y' = Zovy — v3x'.
We may formulate the Cauchy problem associated to system (3.8) and the initial condi-
tions (3.4) as follows:

" __ 2.1
y" = Zovavz — v3y'.

Solving (3.9), we obtain

Z Xo—Zot Yo — Zot
xz(s) = ovL Y5 gin (v38) + ————Y2 cos (v38) +
V3 V3 V3
Yy — Zo&
+x0 + ——,
U3
4 Yo — Zo2 Xo — Zp&
y(s) = 0v2 U5 gin (v38) + — Y2 cos (v3s) +
U3 U3 V3
Xo — Zp&2
+yo + ———=.
U3

which completes the proof.

4 N-—Magnetic and B—Magnetic Curves in I*

Definition 4.1. (10) Let ¢: I C R — M be a curve in an oriented 3-dimensional Rieman-
nian manifold (M, g) and F be a magnetic field on M. The curve « is an N—magnetic curve
(respectively B—magnetic curve) if the normal vector field N (respectively the binormal vec-
tor field B) of the curve satisfies the Lorentz force equation, i.e., VsN = ®(N) =V x N
(respectively V5B = @ (B) =V x B).

In this section in order to obtain certain results, we assume that the curve ¢ has nonzero
constant curvature kq.
Let consider the arc length curve ¢ in I?, parametrized by

c(s) = (z(s),y (s),2(s)), (4.1)
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x (0) = xg, 2’ (0) = Xo, 2" (0) = Ty,
y(0) = vo, ¥ (0) = Yo, y” (0) = Uy, (4.2)
z2(0) = 2o, 2/ (0) = Zy, 2" (0) = Wp.

Next we classify the N—magnetic curves with constant curvature x (s) = kg # 0, corre-
sponding to the Killing vector V = v101 +v202+v303 in I?, where 9; = % and vy, v9,v3 € R.

Theorem 4.1. Let ¢ be a normal N—magnetic trajectory with constant curvature kg
associated to the Killing vector V. = v101 +v202 +v303 in I3, satisfying the initial conditions
(4.2). Then c is one of the following forms:

(1) If V3 = 0,

Uy o

Wi T W,
c(s) = ( 20233+?082+X03+x0,— gvls3+7s + Yos + o,

Wi
7032 + Zys + zo> ;

(ii) Otherwise,

v1 W
Cc (S) = < ;’U?’O 52 + (XO - Uo)S - T() COS (Ugs) + UO sin (UgS) + xo + To,
v W,
%52 + (Yo + To)s — Uy cos (v3s) — Ty sin (v3s) + yo + U,
3
%52 + Zps + zo) )

Proof. Assume that cis a normal N —magnetic curve corresponding to the Killing vector
V = 0101 + v203 + v305 in I3. By the Definition 4.1, we have

V,N =& (N)=V xN, (4.3)

_ 1
where N = - (2" (s),y"(s),2"(s)) .
Case 1. v3 = 0. By using the cross product in I3 and (4.3) , we get
.,L,/// — ,U2Z//7
Yy =—u2", (4.4)
"no__ _ Wy 2
2" =0, z = 55"+ Zos + 2.

By solving the Cauchy problem associated to system (4.4) and the initial conditions (4.2),

we obtain
W, T
z(s) = %33—%?0524—X03+x0,
Wov U
u(s) = ——=s" 4 5T+ Yos + o,

which implies the first statement.
Case 2. vz # 0. From (2.3) and (4.3), we derive

fl;”/ — 'UQZ” _ USy”, (4 5)
yI/I — _vlz// + ,031,//' .
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By solving the Cauchy problem associated to system (4.5) and the initial conditions (4.2),
we obtain

W,
'I(S) = 1);7052 + (XO — Uo)S — Ty cos (’038) + Uy sin (’038) + 29 + 1o
v3
_ vaWo o .
y(s) = o 5T (Yo + Tp)s — Up cos (v3s) — Ty sin (v3s) + yo + Uo,
3

which completes the proof.

On the other hand, since the binormal vector field B of a curve in I® is completely isotropic
vector, i.e. (0,0, 1), the corresponding Lorentz equation becomes via Definition 4.1 as follows

0=V x1 B.

This implies that either V' = 0 or V is completely isotropic vector, i.e. (0,0,v3). Thus we
obtain the following result:

Corollary 4.2. All curves in I? are B—magnetic curves associated to the Killing vector
V= (0, 0, 7)3) .
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