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Abstract

In this study, the rotation motion of a body and its properties is given. Gauss curvature
of quadratic surface obtained by this rotation motion is examined.
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I. INTRODUCTION
The rotation of a three dimensional body M, with respect to a fixed body, F' is represented
by the transformation equation
X =AY (1.1)

where X and Y are column matrix which are composed of composite vectors xand y re-
spectively. A is an orthogonal matrix . Rotations are orthogonal matrices with determinant
equal to 1.

Characteristic polynomial of A is

(/\—1) (/\2—)\(a11—|—a22+a33—1)—|—1) =0.
This equation is a reel root A = 1. Let b be the eigenvector of A associated with A = 1, all
points on the line [ = tb direction b are fixed during the rotation. This is the axis of rotation
of the body [5].
The requirement that a rotation maintain a constant distance between points of the body,
thus can be written in the form
X +VT(X+Y)=0. (1.2)
This expresses the fact that diagonals © —y and x + y rhombus with edges & and y intersect
at right angles. Now, since X +Y = (A+1)Y and X — Y = (A — )Y, we can compute
X-Y=A-DA+I)"HX+Y). (1.3)

From here is

B=(A-DNA+1D)! (1.4)

where matrix B is called Cayley’s Formula. This the matrix B has the property that B =
— BT which is termed skew-symmetry, that is

0 —bs b
B = bg 0 _bl
—by by 0
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Those elements can be assemled into the b = (b1, b2, b3) [8].
Given an orthogonal matrix A, we have from (1.3) a skew-symmetric matrix B and the
relation

X-Y=B(X+Y) (1.5)

between the fixed and moving frame coordinates of points in a rotated body. We can write
this equation in the form

z—y=bA(xz+vy). (1.6)

%
Equation (LG) is called Rodrigues’ Equation for rotations, b is known as Rodrigues’ Vector

and norm is

Ib]| = tang (1.7)

_)
Let § = (s4,5y,5.) be the unit vector which is direction vector . Thus is

by = tan gsm , ba = tan gsy , b3 = tan gsz. (1.8)

Cayley’s Formula for the orthogonal matrix A can be written in terms of the rotation
angle ¢ and the unit vector K by nothing that B = tan %S. The result is

A= (cosglfsingkg)*l(cos %IJrsingS). (1.9)
The constants in C = (cos %I + sin %S) are FEuler parameters of A.

(cos %I — sin %S )~! compute the inverse and multiply by C to obtain the expression

A =1T+singS + (1 — cos ¢)S? (1.10)
where S is a skew-symmetric matrix [8].

II.QUADRATIC SURFACES AND THEIR CURVATURES
From expressions (1.5) and (1.6) are obtained as follows,

T —Yy = —(CEQ + yz)b3 + (.I'g, + yg)b22.1 (0.1)
ro—y2s = (w1 +y1)bs— (3 +y3)bs
x3—ys = —(x1+y1)b2+ (x2 + y2)bo.

In addition to we are written quadratic form as follow,
fl@—yz+y) =Y ayl@ —y)(z;+y5). (2.2)
i,j=1
From (2.1) and (2.2) we have as follow in the matrix form

glx+y,x+y) =X +Y)AX+Y)T.

If we is taken = 4+ y = v, we can be obtained g(v,v) = VAVT . Thus, the quadrqtic form
is obtained as follows,
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g(v) = (agbs —agiby)vi + (—aizbs + as2bi)v32.3 (0.2)

+(a13b2 — a23b1)71§

1
+2[§(a11b3 + a22bs + az1b1 — aseba)vivs

1
+§(a11b2 — ag1b1 + agsbs — agaba)vivs

1
—1-5(@1252 + a13bs — ageby + agsgby)vavus]

where a;; is computed from (2.2) equation and if we are taken of unit vector s = (s, sy, 5,),
we can be obtained quadratic surface as follow,

)
g(v) = [(v,v) — (8301 + syv2 + szv3)2] tan (2> sin ®. (2.4)
Now, from equation (2.4), Gauss curvature is obtined as follows,

K= det(z, Dyz, Dyz)

T 25

where is

1

2tan%sin¢ V9

R (1}2 — (851 + syv2 + SZU?’)Sy,l,O)
v1 — (8301 + Syv2 + 5,03)s,
B (v1 — (8201 + Syv2 + 5.v3)55) (V3 — (55v1 + SyV2 + 5:U3)8)
y - (O,
Vg — (801 + SyV2 + 5,03)s,

v1 — (g1 + Syv2 + S:v3)54).

)

Consequently, expressions D,z and Dyz are computed and if they are written equation
(2.5), we can be obtained as follows,

K =0.

Corollary (2.1): The only surface of revolution with K = 0 are the right circular
cylinder, the right circular cone, and the plane.
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