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Abstract
We obtain the hypergeometric form of )72, % ,
rm
T
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m = 2,3,4.

1. Introduction

In the literature [1-6] we find the following expressions for three values of the Riemann zeta
function [7, 8]:

S, =35, ﬁ =202, S3 =X T =200). Si=X%, T =24, (0

r T
r T r

here we shall show their hypergeometric version. It is interesting to note that this formula for
(3) is important to prove its irrationality [9-11]; we know that [12-15] {(2) = %2 and ((4)= Z—;

17 m*
3240 °

2
hence S, = ’I—S and S, =

2. Formulae of Euler, Hjortnaes, Melzak, Comtet and Apéry

From (1):

1o 2 b1 (k+1)2
S, ==Dir—0o tk > ty = ———75<, to =1, = )
272 Zic=o L LY (Zkk:lz) 0 e 4(k+2) (k+3)

then it is immediate [16-18] the hypergeometric form:

1 3 1
Sz = E 3F2(1, 1, 1; 2, E; Z) . (2)
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Similarly, for m = 3,4 :

2 (-1)™mk =™ (k+1)™

_ 1y — — b1 _
Sm — 5 Zk:o L » Ly (k+1)™ (zkk++12) ’ to 1, tr 4(k+2)m—1 (k+%) ’ (3)
therefore:
1 1 1
S, 54F3(1111 2,2, 4), 54_55F4(11111222,,-), (4)
2
and Mathematica gives the values % % {(3) and 1.022194165 ... = 117—" for the hypergeometric

functions ;F,, ,F;and cF,, respectively, present at (2) and (4), which is equivalent to (1).

In [3] the authors indicate that Euler [19] deduced the expression:

>, @9° _ (arcsinx)?, (5)

2 (5)

that for x =% implies the relation (1) for S, [1, 20]; van der Poorten [11] comments that the

formula (1) for S5 obtained by Apéry [1] was proved by Hjortnaes [21]. Our procedure can be
applied to show diverse identities, for example [1, 3, 5, 6]:

2\/_71
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(6)
where ¢ = 1+2\/§ is the golden ratio [22].
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