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The k-Fibonacci sequence is written in terms of the Gauss hypergeometric function. 
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1. Introduction 

 

   The Fibonacci numbers  𝐹𝑛 are defined via the recurrence relation [1]: 

 

                      𝐹𝑛+1 = 𝐹𝑛 + 𝐹𝑛−1 ,            𝐹0 = 0,             𝐹1 = 1,        𝑛 ≥ 1,                            (1)    

 

thus {𝐹𝑛} = {0, 1, 1, 2, 3, 5, 8, … }. Now we introduce the k-Fibonacci numbers [2]:     

 

    𝐹𝑘,𝑛+1 = 𝑘 𝐹𝑘,𝑛 + 𝐹𝑘,𝑛−1 ,           𝐹𝑘,0 = 0,           𝐹𝑘,1 = 1,         𝑛, 𝑘 = 1, 2, 3, …                (2)      

 

hence  𝐹1,𝑛 = 𝐹𝑛, and the solution of (2) gives the following two equivalent expressions for 

𝑛 ≥ 2 [2]: 

 

            𝐹𝑘,𝑛 =
1

2𝑛−1  ∑  (
𝑛

2𝑚 + 1
)

∟
𝑛−1

2
⅃

𝑚=0 𝑘𝑛−1−2𝑚 (𝑘2 + 4)𝑚 ,                                   (3) 

 

                               𝐹𝑘,𝑛 = ∑  (
𝑛 − 1 − 𝑚

𝑚
)

∟
𝑛−1

2
⅃

𝑚=0 𝑘𝑛−1−2𝑚 ,                                             (4) 

 

where  ∟ 𝐴 ⅃ is the floor function of 𝐴. 

 

In the next Section we employ the technique of [3-5] to obtain the hypergeometric version of (3) 

and (4). 
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2. k-Fibonacci sequence in terms of the Gauss hypergeometric function 

 

   The relation (3) can be written in the form: 

 

   𝐹𝑘,𝑛 =
𝑛 𝑘𝑛−1

2𝑛−1
 ∑  𝑡𝑚

∞
𝑚=0  ,         𝑡𝑚 =

1

𝑛 𝑘𝑛−1
 (

𝑛
2𝑚 + 1

) 𝑘𝑛−1−2𝑚 (𝑘2 + 4)𝑚 ,                   (5) 

 

therefore  𝑡0 = 1 and: 

𝑡𝑚+1

𝑡𝑚
=

(𝑚+
1−𝑛

2
) (𝑚+

2−𝑛

2
) 𝑘𝑛−2 (𝑘2+4)

(𝑚+
3

2
) (𝑚+1)

 , 

 

then from [3-5] it is immediate that (5) acquires the following structure in terms of the Gauss 

hypergeometric function: 

                         𝐹𝑘,𝑛 =
𝑛 𝑘𝑛−1

2𝑛−1 𝐹12 (
1−𝑛

2
,

2−𝑛

2
;  

3

2
; (𝑘2 + 4) 𝑘𝑛−2) ;                               (6) 

 

thus, for  k = 1 we deduce the formula of Dilcher [6, 7] for the Fibonacci numbers: 

 

                                      𝐹𝑛 = 𝐹1,𝑛 =
𝑛

2𝑛−1 𝐹12 (
1−𝑛

2
 ,

2−𝑛

2
;  

3

2
; 5).                                      (7) 

 

   Similarly, the expression (4) adopts the form: 

 

           𝐹𝑘,𝑛 = 𝑘𝑛−1  ∑  𝑡𝑚
∞
𝑚=0  ,         𝑡𝑚 =

1

𝑘2𝑚 (
𝑛 − 1 − 𝑚

𝑚
),          𝑡0 = 1,                    (8) 

such that: 

𝑡𝑚+1

𝑡𝑚
=

(𝑚 +
1 − 𝑛

2 ) (𝑚 +
2 − 𝑛

2 ) (−4)

(𝑚 + 1 − 𝑛) (𝑚 + 1) 𝑘2
 , 

 

hence (8) takes the hypergeometric structure: 

 

                          𝐹𝑘,𝑛 = 𝑘𝑛−1 𝐹12 (
1−𝑛

2
 ,

2−𝑛

2
 ;  1 − 𝑛 ;  −

4

𝑘2
),                                     (9) 

 

thus  𝐹𝑛 = 𝐹12 (
1−𝑛

2
 ,

2−𝑛

2
 ;  1 − 𝑛 ; −4). 

 

   With (6) or (9) is simple to calculate the Pell sequence {𝐹2,𝑛} = {0, 1, 2, 5, 12, 29, 70, … }, and         

{𝐹3,𝑛} = {0, 1, 3, 10, 33, 109, … } in according with the results of [1]. 

 

Remark.- The identity [4]: 
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1

2𝑛−1  ∑  (
𝑛

2𝑚 + 1
)

∟
𝑛−1

2
⅃

𝑚=0 (1 + 4𝑥)𝑚 = ∑ (
𝑛 − 1 − 𝑚

𝑚
)

∟
𝑛−1

2
⅃ 

𝑚=0 𝑥𝑚 ,                       (10) 

 

with  𝑥 = 𝑘−2 allows to show that (3) is equivalent to (4). 

 

 

Received July 8, 2016; Accepted July 24, 2016 

 

References 

 

1. P. Lam-Estrada, J. López-Bonilla, R. López-Vázquez, Baldoni et al method for homogeneous linear  

     recurrence relations, Proc. Int. Conf. on Special Functions & Applications, ICSFA 2015, 14
th
 Annual  

     Meeting of Soc. for Special Functions and their Applications, Amity University, Noida, Uttar Pradesh,  

    India, Sept. 10-12, 2015 

2. S. Falcón, A. Plaza, The k-Fibonacci sequence and the Pascal 2-triangle, Chaos, Solitons and Fractals 

33 (2007) 38-49 

3. M. Petkovsek, H. S. Wilf, D. Zeilberger, A = B, symbolic summation algorithms, A. K. Peters, 

Wellesley, Mass. (1996) 

4. W. Koepf, Hypergeometric summation. An algorithmic approach to summation and special function  

    identities, Vieweg, Braunschweig/Wiesbaden (1998) 

5. W. Koepf, Orthogonal polynomials and recurrence equations, operator equations and factorization, 

    Electronic Transactions on Numerical Analysis 27 (2007) 113-123 

6. K. Dilcher, Hypergeometric functions and Fibonacci numbers, Fibonacci Quart. 38, No. 4 (2000) 342-

363 

7. J. P. Hannah, Identities for the gamma and hypergeometric functions: an overview from Euler to the  

    present, Master of Science Thesis, Univ. of the Witwatersrand, Johannesbourg, South Africa (2013) 


